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Abstract: The location of zeros of complex polynomials has been Mathematics Subjects Classification: 26C10, 30C10, 30C15
investigated in frame work of Enestrom and Kakeya theorem. In Keywords: Polynomials, Zeros, Enestrom - Kakeya theorem and
this paper we extend some existing results on the zeros of complex the sharper bounds.

polynomials by considering restrictions on its coefficients.

Introduction
The following result due to Enestrom and Kakeya [12] is well known in the theory of distribution of zeros of
polynomials.

Theorem A (1): If P (z) =}.¢ a; z/ be a polynomial of degree n such that

ap 2> Ay = App >----—- >a;>ap>0,a;eR (1)
Then P (z) does not vanish in |z[>1
This is a very elegant result but it is equally limited in scope as the hypothesis is very restrictive.
A. Joyal et al [11] extended this theorem to the polynomials whose coefficient are monotonic but not necessarily non
negative and proved the following:

Theorem A (2): If P (z) =}.¢ a; z/ be a polynomial of degree n such that

a, =y = app > >a, an,ajeR
Then all the zeros of P (z) lie in
Izl < (a, —ag + | agl) + | a,l. )

This was further improved upon by Dewan and Govil[7].
Shah and Liman [15] relaxed the hypothesis and proved the following result.

Theorem B: Let P (z) =X0 a; z/ be a polynomial of degree n with complex coefficients. If
Re (aj) =a; and Im(a;) - B for j-0,1,2-----n. such that for some A> 1,

Bn Z Bn»lz Bn»Z 2 """ EBIE BO >0
Then all the zeroes of P (z) lie in

Iz +22 (A -DI < [hay, - ap+ lagl +8;, 1+ 1 ayl )

an
Aziz and Zargar [1] relaxed the hypothesis of Theorem A (1) and proved the following extensions of Enestrom-Kakeya
theorem.

Theorem C: Let P (z) =} q; z/ be a polynomial of degree n with complex coefficients such that for some k>1,
ka, >a, ;=>----- a;=ap>0

Then all the zeros of P(z) lie in Iz+k-11 <k (@Y)
Theorem D: Let P (z) =}.7 a; zJ be a polynomial of degree n with complex coefficients. If

Re (aj) =a; and Im(a; ) - B for j_0,1,2-----n. such that for some k > 1,

Moty < Oy S -==-<Upyq < Ap>Ap_1=>----> 0 = 0l

Pn = Bu1= Bro=------>B1= Po> 0

Where 0 <p <n-1, then all the zeros of P(z) lie in

Iz+?(k-1)|§ [20, - ety - 0 +Hogl + B, 1+ 1 2yl (5)

Recently, Choo [5] has proved the following theorem
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Theorem E: Let P (z) =0 a; z/ be a polynomial of degree n with complex coefficients. If
Re (a;) =0; and Im(a;) - B for j-0,1,2-----n. such that for some p and r and for some A, p >0
Aoty < Oy < ----Sllp g < Q>0 0 > g
HPn < Put S === < Briy1 S Br2Pr-13--7= P12 Po
Then P(z) has all its zeros in R; < |z ‘S R, where

a M
Rl :MandRz ==
M,

|anl
With
M, = |an| + |(/1 - 1)an| +|(M - 1)ﬁn| + 2(ap + ﬁr) - O\'an"'“ﬁn) -(ap + ﬁo)
And

Mo = (A = 1)tnl +1( = DByl + 2ty + Br) — Oty +1B) - (kg + Bo) + lag|
Here we notice that the annulus R; < |z <R,is expressed in terms of A and p as associated to the coefficients o, and B,
in the given constraint in Theorem E,

Theorem 1: Let P (z) =7 q; z/ be a polynomial of degree n with complex coefficients. If

Re (a;) =0; and Im(a;) - B forj-0,1,2----- n. such that for some 6,n>1 and 1,6 < 1

00y S Oy S ----SApyq S Ap=Ap_1=----2 0 = T0

NPo=< Bu1 < - < Bgs1 < Bg=Pg-1=—---=B1 = P (6)
where 0 < p,q < n-1, then all the zeros of P(z) lie in the disk
R < Iz-25] < Ry , 7)
where

5-Day, . Mm-1)Bn
Zyn= —[( an)a +1 ( ajﬁ 1, (8a)

Rsn= la—lnl[Z(ap + Bg)-(Say +nBy)-ta0+ (1-1)00-6B0 + (1-0) Bo +la,l
(8b)

R5ﬂ — |ao|
|an|+@=1) |an+0-1)|Bnl+2(oap+ Ba)—(Son+1, ) —teto+ (1-1)@o—0B0 + (1-0) BO

-G = 1)2an 2+ — 1)2B,°]2 (8¢)

|an|
Proof: Consider the polynomial
F(z)=(1-z) P (2)
= -2"{( @+ iB0)z+E-1) @ HM-DB (80 — )2 401~ 0n2)z™ + + { (o-at)+( Tt —a0)z+ 0t ]+i[(

MBn=B,_ 7"+ (Bui- B )z +---+{(B1-0Bo)+( By —Po) } z+Bo]

Now if lzI>1, —— < 1, j= 0, 1, 2-—-n-1

2"
Therefore,
IF ()1 > IzI" [layz+( 3-1)an+i(n-1)fy | —{20p+24 — datp,— nPn — 1y + (@g)(1 — 1) — 6, +
(Bo)(1 = 0) + |ac|}]

>0, if
B-Dan + i(n_l)ﬁn | >

lz +
an an

ﬁ {2(“P+Bq)‘(8an+ an) - Ty + (ao)(l - T) — 6‘80 =+ (ﬂo)(l — O—) + |a0|}

This shows that the zeros of F (z) having modulus greater than 1 lie in
+ (6-Dan, + i(n—l)ﬁn I <

{lz . .

Ia_1n| {2(0p + B)-(80tn + MPN) - g + (@) (1 — 1) — 6B + (Bo)(1 — 0) + |ag]} ©)

Since all the zeros of P(z) with modulus greater than 1 lie in the disc given by eq(9), it can be shown that Rg, > 1.

Consequently the zeros of P (z) with modulus less than or equal to one are already contained in the disk |z-zs,| < Rs, .
(10)
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In order to prove the lower bound R, < 1z-z5,| we first prove the following lemma.

Lemma: Let P (z) =X a; z/ be a polynomial of degree n with complex coefficients. Then for Izl<1, we show that

2l < B = 129]
T My an[+(3-Dlanl+Mm-1)|Bnl+2(ap + Ba)—(dun + npn)— tag+(ao) (1-1)— 5Bo+(Bo) (1-0)
Proof: Let IzI<1.
Consider F (z) = (1-z) P (2)

=% (2) + a, (11)
Where
X(@)= {( 0 n +iB)Z+(3-1) e HM-1) B 3+ 80ty -ty 1)Z" +( O 1= 0 2)2 ™ Aommmemmmeee + {(a-ta0)+H( -0z +  i[(NfBy -
B, 2"+ (Bui= B n2)z™ +-——+{(B1-0Bo)+( oBo. Bo) }z]
| X(Z)l :l{( o n+iBn)Z+(8'1)an+i(n'1)ﬁn}+[( 8a«n— an—l)zn +( Op-1- an—Z)Z o +--mmee +

{(o-T00)+( Tap. 0)z +i [(MBy - B,,_)Z"+ (Bt~ B 2 )z " +--—+{(B1-0B0o)+( oBo. Bo)}z] |
<lapzl+l( 6-1)a, |+I( n-1) B, | +[M]
Where

M, =2(0y + By)-(Baty 4 NBN)- T + (@) (1 = 1) — 6o + (Bo) (1 — )

(12)
Since y (0)=0,it follows by Schwarz lemma that
[y (z)I< M, lzl for IzI<1
Therefore for |zl<1,
IF@)l=1y(z)+agl>lagl-ly(z) 1 >0, if
lagl > IzI[M,] .
where M, = la,+( 6 — 1) ]ay,| + (M — 1) |Bnl+ M,
=lagl+( 3 — Dlay| + ( — DIBal +2(a + B)-(S0m .+ nB0)- g + (@0) (1 — 1) — 0fy + (Bo) (1 — 0)
(13)
|ao|
Thus, |zl < —
M,
|ao| (14)

= Jan|+(3- Dl |+ (-1 1Byl +2(ap + pa)—(3un + npn)— tato+ (@) A—0)— oo +(Bo) (1-0) 0]
a0

L. 0 . .
Hence P(z) does not vanish in |zl < % . It can be shown that M, < lay| so that [zI<1. Hence P (z) has all its zeros in YN <
2

" (15)

Now we prove the second part of the main theorem (1)
Since 1z - zsq | > 1z |- |z5, |, (16)
then using eq(15) of above lemma in eq(16), we have

[ao|
1z -z5n | > 12 |- 125, | > — - |z, |
ul ul M, ul

.. . laol
This implies TR 1z5y | < 1z - z5, |

[a0] | ®-Dan , . M—1)fn
M—2-| o +1 . | <1z -z, | A7)
From eq(17) we obtain R™ < |z-z| , (18)

where R™ is givenineq 8(c)
On combining eq(10) and eq(18) the above theorem is completely proved.

Conclusion

We get (i) if T = 1, o#1, then all the zeros of P(z) lie in the disk
R < Iz-z5,) <Ry, (19)

where,

Rii = 2@ + By)-(8cty +1B,)-00 -0Bo + (1-6) Bo +laol (192)

R2= [ao|
lan|+(6-1) |an+(0—1)|Bnl+2(ap+ Bq)—(Son+nB, ) —ao —5B0 + (1—c) B0
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-l = D?ap?+(n = 126, 12 (19b)
and

(i) if o = 1, t# 1, then all the zeros of P(z) lie in the disk
R *<Iz-25,] <R3, (20)

where ,
R3y= (20 + B)-(Satn +1Bn)-0o-0Bo+ (1-0) Bo +Hagl (202)
44 |ao|

= Janl+ (=1 [+ (D1l +2(ap+ pa)—(Bn +1By)~ @0 —0B0 + (1-0) BO
18— 112, 2 _1\2p 271/2
-l = DZayP+(n = D, T2 (200)
and zg, is given by eq(8a)
(iii) Further we note with regard to the upper bound of the Theorem 1 given as |z-zs,| < Ry, ,
where
Zsn = —[(6_1)% +1 (n—l)Bn] = A+iB where A= — ™0 5n4 B= — Q- Dbx

an an an an

and
Rs, = ﬁ[Z(ap + By)-(6ay, +nBp)-too+ (1-1) ap-680 + (1-6) o +lael ]

and that if we transfer the centre of the above disc at the origin so that equation (9) can be written as
|zl =1 Z = Zgy + Zon | < lz-Z39| +zgy)|

< R5T]+ |Z5T]|
Sﬁ {2((1p+Bq)'(5(ln+an)- Ty + (ao)(l —1) — offy + (ﬁo)(l — o') + |ag|} + A2 + B2 1)

Comparing this bound with upper bound of Theorem E given by:

M
Iz | SRU =—=
lan|

< = {1 = Dl 41 = Dl + 20 + ) — Mtutifiy) - (@0 + o) +lagl)
< |a—1n| [20tp + Bg)-( Aty i, )-( 0o +B ) Haol 1+ |A| + |B] (20)

We here find that the present bound given by (21) corresponding to T = 1=c is sharper than eq (20) of Choo [5], in view

of VA2 + B2 < A+B.
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