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Abstract: Expressions for pairwise orthogonal idempotents in F4 G, the semi simple group algebra of the abelian group ( oforder pn and

p"q over the finite field F of prime power order pn/1+1 and pnq/1+1respectively, are obtained.
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Introduction
Let F =GF (q) be a finite field of prime power order ¢ and let 7 be a positive integer which is relatively prime to g.

Flx]
The cyclic codes of length 71 over F can be viewed as ideals in either "—1 or as ideals in the group algebra FC ,
<x —1>
where C, denotes a cyclic group of order 7. If G is an abelian group of order7t, then the ideals of the group algebra
FG are called abelian codes. Milies and Ferraz [6] have found some minimal abelian codes of length p"and 2p"

extending the results of Arora and Pruthi ([1],[8]). In this paper,we describe method to find pair wise orthogonali

dempotents in group algebra FG, where G is an abelian group of order p"and p"g.In Section 2, we give expression
for these idempotents in F'G, where G is an abelian group of order p”, where P is an odd prime and F' is a field of
prime power order ¢with ¢ = p"A+1. In section 3,we discuss the case when G is an abelian group of order p"q, p
and g are odd primes, and F is a field of prime power order g with g = p"gA+1. In section 4, we give an example for
an abelian group of order 9.

G is Abelian group of order p", P is an odd prime

If G=<g>=C,is a finite cyclic group of ordern, F'is a field of order qwith(g,n)=1 and g =nA+1for some
A20.

Then, FC, has " primitive idempotents given by
1 n—1 L )
eiz—Z‘a'”g", 0<i<n-1,
ns

where & is n™ oot of unity in F'[8].

Theorem

Let G is an abelian group of order p", where p is an odd prime and H is a subgroup of G of order p”such thatG/H
is cyclic, say<aH >. F Is a field of order p"A+1 for some A >0 .Then,

n—m -1

Zh pz od’a’ |,
=0

1
Si: —
D heH

h
0<i< p"™™ —1, Where a is ( pn_m) root of unity in F', are orthogonal idempotents in FG,.
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Proof Let G be an abelian group of order p”and H be a subgroup of G of order p”such thatG/H is cyclic, say
<aH >.

Here, |G/H| = p"™" =t (say).

Also, a' € H.Consider a cyclic group G, of order ¢ and let G, =<b>.Then, G, = G/ H .The orthogonalidempotents
of FG, are

1t—1 i )
e, :—ZCZ’b", 0<i<t-1,
|
j=0

where & is " root of unity in F, thatis, &is a solution of x' = 1.
Now consider the elements of FG given by

=1
é:lza’ffaf, 0<i<tl.
t

We assert that

1
e[z

for0 <i <t —1, are orthogonalidempotents in FG.
For0<i<t—1, we have
S7=8S

i i~

GzE e )

{t[2h+aia2h+a2iazzh+...

he H he H he H

+a(1—2)ia1—2 z /’l+ a(1—1)ia1—1 z h]}

he H he H

S X2l

:S‘,
Also for 7, j such that i # j,i > j, we have

oz gl 5 8

1 i 2i 2 —1)i -1 .
pznﬂn{zh"_a Y hat+e’y hat+..+a" Y ha Sincea’ € H , so we have

1
p2n7m

he H heH heH heH
+a’ Y ha+a™ Yy hat .+ 0"y hat
heH heH he H
2j 2 i+2j 3 (t-1)i+2 j t+1
+at Y ha’+ oty '+ D hatt 4.
heH heH heH
+a(zfl)j Z harfl + ai+(r71)j Z har“._‘_ a(rfl)iﬂrfl)j Z hazrfz}
he H he H he H

z“gaZ = Zg and Zga”’ =Zga’ for all i >0.
oy oy oy oy Using this coefficient of Cy— z ga" in the above expression is

geH
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a

i k—1) j+i k—2)j+2i i
{akj +CZ( )i+ +CZ( )i+ +...+akl} ; a(kJrl)(i,j) 1 T a(,,k,l)(,-,j) _1
_ (j +1)i+(t-1) ) -
ke)i+{(1-1) j k+2)i+(1-2) j =)i+(k) 1 o (i-7) _ ta (i) _ = 0. Thus, {Si }
+{d( +a +..+a } 1 1

o
0<i<t-1, are orthogonalidempotentsin FG.

Theorem
The complete set of orthogonalidempotents in FG,where Fis a field of order ¢ withg = p"A+1 for some A >0 and

G is an abelian group of order p" having a sequence of subgroupsG =G, > G, G, D5..DG, , DG, =<e>such

that|G /G+1| =p(0<i<n-1),is given by{e(),ioel,il‘”en—l,i 4}, (O <i; < p)(O < j<n—1)where
G, /G, =<a,G,,, >and
e.. = 1 Z Plai/’kak . th o . .
ji; T e 8+ j 4 |»a;isp root of unity in F', are orthogonalidempotents in FGj for
8in€Gjy k=0
0<j<n-1.
Proof

Let G be an abelian group of order p" and G, be the subgroup of order pn_l.Then,|G/ G1| = pand so G/Gis
cyclic. Let G/ G, =< a G, >.Then,

18

_ Jpi

€., — Z 81 ;Zaoo a
Jj=0

81€G

Z gl Zalol J ,

81€G

for0 <i, < p—1, are orthogonalidempotents in FG, ¢, is p" root of unity in F.
,| = pand so G,/G,is cyclic. Let G,/ G, =<a,G, >.

Now, let G, be the subgroup of G, of order p"~ ?. Then,
Then,

€, = g |l — a”q

§ p ? 8,66, ’ P j=o0 :

1 pb

P 2 8| 2adal|,
826Gy Jj=0

for0 <i, < p —1, are orthogonalidempotents in FG,, &, is p" root of unity in F.

Continuing in this way, we will obtain a subgroup G,_,of order p2 and its subgroup G, of order p.Then,

|Gn_1 / Gn_2| = pand SO G, ,/G,_is cyclic. Let

1 G, ,/G,_,=<a ,G _, >.Then,
en—2,i,,_2 = ;( z gn—l ]( z _22/an ZJ

8n1€G,

AR P
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for0<i _, < p—1, are orthogonalidempotents in FG,_,, &, , is plh root of unity in F.

n—2
Also, |G, /G,|= p,so G, _, iscyclic. Let G, , =<a,_, >.Then,
(& . ;
— ln2J J
en—l,in,l - Zan—l a7 |
P\ j=0

forO<i _, < p—1,are orthogonalidempotents in FG, ,, &, , is p’h root of unity in F.

1
Now, the complete set of orthogonalidempotents of FG is given by

e=e

-] = =€, €...e
1P IHn—zpn 2+---Jr"117+l‘0 0.y Ly

n—Li,_, »

wherei =i _ p"" +i, _,p"+i _,p" " +..+i,p+i,, as

2
e =\e
i ( in,,p”"+in,2p"’2+m+i,p+i0)

2
= (e% el )

=€ € Cry

= ei

For [ # J, the representation of i and j are as follows:

i=i p"+i L p" i L, p T i p iy,
. . -1 . -2 . -2 . .
VST A o Y A o NPV L O SN AT
and they must differ at at least one indices, say k h , that is, ik * ] > then
i€ = 0
Thus  e.e; = 0.

Theorem
The complete set of orthogonalidempotents in F'G where F' is a field of orderg withq = p"A+1 for some A>0, Gis

an abelian group of order p" having a sequence of subgroupsG =G, © G, D G, D ... D G, =< e > with the property

that G, is subgroup of G of smallest order P it (say), such that G,/ G, is cyclic, is given by

{eo‘i“.el‘il..e }, (OSij <P —IJ(OSsz—l) where G; /Gy, =<a,G,, >and

s=Ligy p” 1

miThE g

_ 1 8 ik k
€ = D & Y allaj |,
k=0

I’L]
p 81€G iy

th

o is ( pT ) root of unity in F', are the orthogonalidempotents in FG ; for 0<j<s-1.

If G is Abeliangroup of order p"g, p and ¢ are distinct odd primes

Theorem

Orthogonalidempotents in group algebra FG,where G is an abelian group of order p"¢, ( p is an odd prime and ¢ is

any prime) and H is a subgroup of G of order p"q such that G/ H =<aH > and F is a field of order p"gA+1 for
some A >0, are given by
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j=0

p"-1
( qzhj(zdf ] 0si<p -1
heH

_\th
where a is (p" m) root of unity in F.

Theorem

If Fis a field of order r with r = p"gA+1 for some A>0 and G is an abelian group of order p"g where p is an odd
prime and ¢ is any prime and it has a sequence of subgroups

G=G,0G,0G,>..25G, , DG, =<e>Such that|G /Gl+1|— (0<i<n-—1).Then, the complete set of
orthogonal idempotents in FG is

{eo,l.oehl.]...e,H,l.y_]}, (OSij < p)(OS Jj Sn—l)

where G, /G, =<a,G,,, > and

_ 1 o i,k k
€, = s D & aa; |
P 4\ g6, k=0

a is p” root of unity in F, arethe orthogonalidempotents in F' G, for 0<j<n-1,

Theorem

Let G be an abelian group of order p"q where p is an odd prime and ¢ is any prime and F' be a field of order r
with 7 = p"gA+1 for some A>0. Then, by considering a sequence of subgroups of G
G=G,0G,0G,2..0G, =<e>
1
with the property that G,,, is subgroup of G of smallest order P "7 g (say), such that G,/ G,,,is cyclic. Then, the

complete set of orthogonahdempotentsm FG is given as

{eo’io Ol }, [0 <i; < nl J(o < j<s—1)where G /G , =< ajGjH > and
P ik nj—n th . . .
€ z gin a ;f a';. a. 1s( p’ ) root of unity in F', arethe orthogonalidempotents
‘ C] 816G jy k=0

inFijorOS j Ss—l.

Example
Example Consider an abelian group G of group 9. Then, G will have a subgroup H of order 3 and|G/ H | =3. Let

G/ H =< aH > .Then,

eo,ozé(zhj(nmz)

he H

€. :l(z hj(l+aa+a2a2)
9 he H

€, =é(;}; h}(1+0{2a+a’a2)

are orthogonal idempotents in FG, where@is solution of x’=linF .Also|H | =3.Let H =<b > .Then,

orthogonalidempotents in F'H are
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qﬁ:%0+b+bﬂ

eu=%0+ﬁb+ﬁ%ﬁ

qlzéﬁ+ﬁ%+ﬁw)

€y = €00
Then, the complete set of orthogonalidempotents of FG is givenby = L( z hJ (l +a+a’+b+ab

he H
+a’b+b’+ab’+a’b’)
€ = €9.1€10
€y = €512
€3 = €001,
€, = €5,.1¢1,
€5 = €72€1,
€6 = €0.0€1.2
€; = €5.€1

€y = €526
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