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Abstract This paper presents one such technique for the solution of a class of ordinary nonlinear differential equations. The
technique is capable of deriving closed-form descriptions of the qualitative temporal behaviour represented by such
equations. The boundedness of solutions of certain nonlinear third- order delay differential equations. Sufficient
conditions for the boundedness of solutions for the equations considered are obtained by constructing a Lyapunov
functional.
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INTRODUCTION

More recently, qualitative phase-space approaches have been introduced [Lee and Kuipers 88, Sacks 87]. Augmenting
simulation, these techniques explore trajectories in phase space, showing how the qualitative values in a system will
change from any point in the space. Similar to the phase-space methods used in quantitative analysis (Thompson and
Stewart 86), these techniques are strong at indicating convergence, stability, etc. But weaker at explicitly describing the
temporal behaviour of the values. Such qualitative solutions to differential equations are desirable for several reasons.
First, if an exact solution can indicate the types of behaviour that are possible, augmenting numerical simulation results.
Also, for complex equations where an exact solution is known, it may be so complex as to not be comprehensible
solution may be preferable for obtaining an intuitive understanding of system behaviour. The advantages of qualitative
descriptions of behaviour are covered further in (Yip 88). We should recognize that some significant theoretical results
concerning the stability and boundedness of solutions third order nonlinear differential equations with delay have been
achieved, see for example the papers of Sadek’, Tejumola and Tchegnani®, Tunc”® Zhu’ and the references citied in these
papers. It should be noted that, in 1969, Palusinski et al.'’ applied an energy metric algorithm for the generation of a
Lyapunov function for third order ordinary nonlinear differential equation of the form:

x"+a; X" + fo(x)x + azx =0

They found some conditions for the stability of zero solution of this equation as follows:

a; > 0,f,(x)>a; >0.

In this paper we are concerned with the third ordinary nonlinear delay differential equations of the type
x"(t) + agx" (O (X (1) razx (t) = p(t, x(2), x (1), x(tr(1)), X'(t-r(1),x"(6) —(1)
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or its equivalent system

X(t)=y(t), ¥ (=z(1),
2 = —ayz(t) — f,(y(©) — asx(6) + f £(())2(s)ds

t—r(t)
+p(tx (), y(O), x(t-r(1)), y(t-r().z(1),
where r is a bonded delay, 0<r(t) <y,r (t) <B,0< B < 1,
[ and y are some positive constants y which will be determined later;
a, and a3 are some positive constants; the functions f, and p depend only on the arguments displayed explicitly and the
primes in equation (1) denote differentiations with respect to t

THEOREM

In addition to the basic assumptions imposed on the functions f, and p that appeared in equation.
x() +a;x (t) + 1, (x'(t - r(t)) + azx(t) =

P (4x(6),x'(0),x(t — r(®),x (£ = (), X'(®)) — (A)
We assume that there are positive Constants , a1, ay, a3, €, L, 0 HandH;, such that the Condition satisfied for %, y, z in
Q:={(x,y,z) € R*:x|<H, |y|<H,,lz}<H, H;<H }

1' aliaZI_aS > Ol fZ(O) = Ol% - aZ >, 80! (y F 0) and |f21(Y)| S L

2. [p(t, x (1), y(1) , x(t-x(1)), y(t-r(t)), z(t)| < q(b),

Where max q(t) < o and q €L (0, )
The space of integrable lebesgue function than there exist a finite positive Constant k; such
that the solution x(t)of equation (A)difined by the initial functions.

x(t) = @), x (1) = @'(t),x (t) = @' (t)

Satisties the in equalities

x(D)] < ky, [X (O] < kg |[x (O] < kg
For all t > ty, where @ € cz([to—r,to],R)

Provided that
. (2gg 2(a1a2—a3)}
<m =0 Z2tZ TS
¥ m{ L ' a,L+2u

Proof: see [13,PP84]. If {(t, @) in x= f{t, x(t)),

xt (e)=x(tt+e), - r <o < 0 ,t >0 is continuous in t, @, for every ¥€C H,H,;<H andt, ,0< ty <c, where C is (+)ve Constant
then there exist a solution with initial value @ at t= t; and this solution continues for t>t, Now. The proof of this theorem
also depends on the Scalar. Differentiable lyapunov functional V=V (x(t), y(t), z(t)) defined in

V(x(t),y(1),z(t)) = %a%xz + ajazxy + %azzz + azyz +
1 0 t

azfoyfz(é) dg+ 2 ay azy? + uf_r(t), Ji 2 () dods

Now since, P(t,x(t),y(t),x(t - r(t)), y(t —r(t), z(t)) # 0in view of
2°(0) = -2y 2() ~ B((0) - agx(+ [ B E)2()ds + p(tx(0, y(®), x(t - r(9),y(t — r(©)), 2(1)) and
d

aV(X(t), Y(t): Z(t)) =-x y2 - pZZ
It can be satisfies following inequality.

d
SV(x(©,y(0),2(0) < o< y? = pz? + [azy + agzl. [P (£x(8), y(®), x(t = r(®), y(t = r(©),y(®)
<-oxy? —pz?-|azy + a,z |q(t) Hence it follows that

d

7 V&®),y(©),z(t) <- o« y? — pz? + Dy (lyl + |zDq(t)

Hence if follows that

d
+V(x®,y(,2(0) < Da(lyl + 1zDa(t)
for a Constant D, > 0 where,D, = max{1,a™1}

making use of inequalities
lyl <1+y?and|z| <1+ z?
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itis clear that

SV(x®,y(®),2(1) < (lyl +a [zDa(t)

< Do(lyl + [zDa(®

<D,(2+y?+z%)q(t)

we know

V(x(t),y(t),z(t)) >D! (x2+y?+1z%) - (1)

we have,

(x*+y%+2%) < DIV (x(1),y(1), 2(1))

hence,

SV (x(6),y(0), 2(8)) < Dy(2 + DTV (x(0), y(£), 2() )q (1)

SV (x(), y(£),2(t)) < 2Dyq(t) + DDV (x(8), ¥ (1), 2(6))q (t)
Now, integrating the last inequality from 0 to t using the assumption qeL(0,x) and
Gronwall — Reid — Bellman inequality we obtain
V(x(t),y(t),2(t)) <V(0,0,0) + 2D,E + D,Di* fOt(V(x(s),y(s),z(s))q(s)ds
< V(0,0,0) + 2D,E)exp (D,D; ! fotq(s)ds)

< V(0,0,0) + 2D,E) exp(D,D{ E) =k, <0 — (2)

where k, > 0 is a constant

k, = (V(0,0,0) + 2D,E) exp(D,D; 1 E)
and E=["q(s)ds
Now the inequalities (1 )and(2)
We get
x?(t) — y2(8) + 2% (t) < DLWV (x(0),y(0), z(t) < ks
Where,k; =k, Di1
we Conclude that

lx ()] < k3, [y(0)] < k3, |2(2)] < k3

forallt =t
Hence,

[x(0)] < ks, X' (D] < ks, X7 (1) < k3
forallt > ¢,
thus the proof of theorem is now Complete.

Example.
consider the third order nonlinear delay dif ferential equation.
X+ OO+ () + 8x'(t — 7(t))
x(t—r(t)

+sinx (t—r(t)) + . xz(t — r(t)) -
4

€y

T Lo (42 () +xE (1 (D) 42 (-1 ()41 2(2)
or its equivalent system form

x' =y,
y =7z
X
‘= —[y?+y+4]z— [8y + siny] —
z [y* +y + 4]z — [8y + siny] T2

t t 1-x(s)
+ ft_r(8 + cos y (s))z(s) + ft_r(t)my(s)ds
4

+
T+t2+x2+y2+x2(t—r(@) +y2(t — () + y2(©)
observe that
: <om=a®
1+t2+x24y24+x2(t-1(O))+y2(t—7(t))+22 — 1+t2 q

for all tER™, x, y,x(t — r(t)),y(t — r(t)),z and
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Jy a(s)ds = [ 1:52 ds =7 < oo, that is geL* (0, )

to show the boundedness of solutions we use as a main tool the
Lyapunov functional now, in view the time derivative of the
functional Vx(t),y(t),z(t))with respect to the system can be revised as

follows: %Vx(t),y(t),z(t)) <

y+alz
T+t2+x2+y24+x2(t —r() + y2(t — (1)) + 22
Making use of the fact
1

—vy? —pz® +

< 1
1+t24x2+y24+x2(t-1(0))+y2(t-r())+22 — 1+t2
we get

SV x(),y(t),2(8)) < -Vy? —pz? +
Hence it is obvious that

4|ly+a=1z|
1+t2

a 4ly+z| _ 4ly|+|z|
L0 < s
+y2+z%) _8 ye+z
s 1+t2 _1_ 1+t2 1+t2 )
< 152 + LV x(0, Y(6),2(8)) Now, integrating (2)from 0 to t, using the fact T el(0,)and

andGronwall — Reid — Bellman inequality, it can be easily
concluded the boundedness of all solutions of (1).
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