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Abstract Let (X,,, n=>1) be a discrete - parameter Stationary Gaussian process with E(X;)=0, EX?=1forall I and E(X; X;n)=r(n).
Let (Y, n=1)be an independent copy of (X, n=1). Let My,= max (X; Xs.....Xp), Man=max(¥y Y,.....Y,), U,=Ctnbn)

an
Man—b.
Vn:( 2n"bn
an

) where b,= (2logn)/? and a,=(log log n)(2 logn)~1/2

and . Let (ny, ) be a subsequence of positive integers

that is at least geometrically fast. Under the condition that either (logn)1*?r(n)=0(1) as n— o for some y >0 or
op_ (Mln_bn) V — (Mzn_bn) } iS
j= a o an

obtained.
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INTRODUCTION
Let (X,, n>1) be a discrete - parameter Stationary Gaussian proc ess with E (X;)=0, EX? =1 for all I and E(X;
Xisn)=r(n). Let (Y,, n=1)be an independent copy of (X,, n=1). Let M;,= max (X; X,....Xp), Mpp= max(Yy Y,,....Yy),

Un—(M”;_b") and Vn—(Mz’;_b") where b,= (21logn)!/? and a,,=(log log n)(2logn)~*/2. Pickands (1969) established that

n n
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if either (logn)“r(n) — 0 as n— oo for some a >0 or Y5, 72(j) < o then almost surely, as n— o lim sup U, = i and

lim inf U,= - % Mittal (1974) showed that the above results continue to hold if the condition (logn)%r(n) = 0 as n—

for some a >0 is replaced by the weaker condition (logn)*r(n) =O(1) as n— oo for some a >0. Vishnu Hebbar (1980)
obtained the almost sure limit set of (Up, V;, ) when either (logn)'*¥r(n)=0(1) as n— o for some y >0 or X7, r*(j) <
o. Let (ng) be a subsequence of positive integers with n, — o as k — 0. It is said to be at least geometrically fast if lim

sup ( T )< 1. Vasudeva and Savitha (1995) established the law of the iterated logarithm for (Unk). In this paper, we

Nk+1
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extend their result to the vector case by finding the almost sure limit set of (Unk, nk) Almost sure limit points of random

vectors with independent components have received considerable attention in literature. One can refer the papers by
LePage (1973), Pakshirajan and Vasudeva (1977), Strassen (1964), Nayak,S.S. (1984, 1985, 1986, 1988,1994,2000 and
2001) and the references therein. Throughout the paper, const. stands for a positive constant which may have different
values at different appearances. “infinitely often” is written as i.o.

PRELIMINARIES
Let (n) be a subsequence of positive integers such that n;, = o

)< 1. Let e*= inf{e: Y (logn,)~ ¢+¥/2 < o}, For - - <xl < &, i=1,2 with -1< x;+x, <

as k — oolim and lim sup (
Nk+1

1
- %, let n=ny ) where u(k)= [kl+x1+x2] and [x] is the greatest integer < x. Let my= [n,*( (logk) _5]. Let us define the
events F ={maxn;<_mk+1S jsny Xj > dnr (xl)} and Gy, ={ma)(n;;_mk+1S jsny Y > dn;;(xz)} where dy: (x) =ap; X+by;.
When r(n)=0, the corresponding events are respectively denoted by Fj, and G;. Lemma 2.1 (Vasudeva and Savitha,
1995): Assume that either (logn)**¥r(n)=0(1) as n— o for some y >0 or ij’:lrz(j) < oo. Then lim sup Uy, =¢" a.s.
Lemma 2.2 (Vasudeva and Savitha, 1995): Assume that either (logn)!*?r(n)=0(1) as n— oo for some y >0 or Zj-o:l r2(j)
< oo, Then for any subsequence (vy) of positive integers with limy_,,, v,=0 we have lim inf U,, = - % Lemma 2.3: Let

1-§
O<a<—and
1+6

A (k)=X m"]lr(l)l (my = (A —Tz(j))_l/zexp{

Then X;'—1 P(Gg)A; (k) <oo.
Proof: Stationarity 1mphes supn>1|r(n)| 6 (0 <6 <1).Wehave

Ay () < (const.)(n})) 7+ (log i) 5+ X (my, — j)exp|{— = (2 logn;, + 2x; loglog ) + o(1)}
<(const)mk“+1(nk) 1+8(lognk) 1+8 k> k1

<(const.)(logk)™ 2z (logny)~ 1+5(nk)a+1— k> k,.

1+68°
Also, P(G)=1 - 9 (dn*(xz)) where @ is the d.f. of a standard normal random variable.
k

~ 1 exp{mk log{l - <1 -0 (dn}’f"z))>}}

=1- exp{—m;c (1 -0 (dn;(xz))> (1 + 0(1))}
<(const.)(log k) ~'/2 (logn};)~*2*1/2) k> k, by the tail behavior of the standard normal distribution.
Let N=max(k4, k;). Then
a+2

Seon P(Gi)A1 (k) < (const) -y (loghk) ™2 (i)™ (lognj)™F where § = ———a —1>0

=2 1
and f = s X2t 3
< (const) T y(ni) " (lognjp) P
= (const.) Y2_, e =198k (logn;) A
<(const.) Yx=p (logn,ﬁ)_(Hﬁ) where 1> max (1,1 + x; + x, — ) is an integer.

1

<1, we have nj,> (const.)a*® for k > k5 where a>1 and u(k)= [k1+x1+x2]. Hence Y5y P(Gr) A (k) <

__ B
(const.)+ (const.) Y=y, k 1+¥1+¥2 <oo,

Lemma 2.4: Let 0<a<% where sup,s,1r(n)|=6 (0 < § < 1). Let supysy,|r(k)|=6(n) and

drzl* (x1)
Az (k) = Zj ) T O (mie = (1 - rzo')rl/zexp{—

(x1)

m} where supnzllr(n)|=6 (0 <6< 1)

. . n
Since lim sup—=~
Nk+1

k
@+r(HD
(logn)*Y1r(n)=0(1) as n— co for some y >0 or Y7, %(j) < 0. Then ¥_; P(Gy)A, (k) <co.

}. Assume that either
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Proof: First let (logn)*¥r(n)=0(1) as n— o for some y >0. Then (logn)*" §(n)=0(1) as n— o for some y >0. Now

A, (k) < (const)8(mE) (1 — 6272 () () (logn;,) 1*‘5("%)2 (M), k= kg

j= [m“]+1
-2z 2
< (const.) §(m{) mz (n;) 1+5(mi) (logny) +5(mf) k> ko
le
< (const.) §(mf) m S(m")(log k)9 (logny) 1+5(mk) k> kg since my~nj (log k)~*/2as k— .

_2x1

=(const.) §(my;) (log k)‘s(mk)(log ny) - ro(mf) exp{26(my) logm; }, k= kg
2X1

<(const.) (logmy.)~ "~ *(log k)*(m) (log n;, )_ w3(mi) k> k-, since §(m§)(logmi)*Y =0(1) as k— .
Since lim sup— < 1, we have nj;> (const.)a*®) for k large where a>1 and u(k)= [k1+x1+x2] This implies that %
Nkt1 k
- 0 as k - o. Hence log m;, ~logn;, as k = . Hence
o — byl
A, (k) <(const.) (log k)S(mk)(log ny) 1+5(mg) L k= kg.
Also, P(G;)<(const.)(log k)~1/2 (logn})~*2+1/2) for large k by the tail behavior of the standard normal distribution.

Hence
2X1

a - I3 _xz—]/—3/2
P(G;)A,(k)<(const.) (log k)‘s(mk)'l/z(logn*) 1+5(mi) k> k.

+x, +Y+3/2 )/ (1+x1+x3)
<(const.) (log k)8(mi)- 12 “5( 0 T k> ko since lim supnn—"< 1 implies
k+1

1
n;> (const.)a*™® for k large where a>1 and u(k)= [k1+x1+x2].

Note that (logn)**? §(n) =0(1) as n— o for some y >0 implies §(mg) — 0 as k— oo.

xX1+y+1/2

. . . 1
Let 0<g; < . This is possible since x; > —=and 1 + x; + x, > 0. Hence
14x,+%, 2

2x1+x2+y+3/2

Yie1 P(Gi)Az(K) < const. +(const )Y 5Ly, (log k)#1=2/2 k(gl_ THx14x2 ) <00,
Now let 31724 72(j) < 0. By Cauchy-Schwarz inequality we have

(A2 (k))? < Z;nk[mla]ﬂ 2 (j) Z] [ma]+1(mk PA-r*G)X

loglognt)?
eXp{— 1+r()l {2 logmy + 2x, 1Oglog Ny + X4 M}}

2loglogn
comst {2 PG p) D (logny) ) S e (i = % Kk 2 ey
< (const.){X% 1r2(1)}(nk) 145 mk) (logn}) - 1o(mf) mi, k> kq,

4xX1

< (const.){X% 17"2(])}(71,() ”8( )(logk) 3/2 (logn ) -~ ro(mf) ,k > k3 since my= [nk(logk) ]

2x
Hence A,(k) < (const. ){Z] 1r2(])} 1+5(mk) (logk)=3/* (logn},) ”‘S(Tik) Jk>kys
<(const.){§:j:17‘2(1)}1/2(71,6)81_1/2 (log k) 3/4 (lognj)172%1, k > kq,,0<€; <

since §(my) —» 0 as k — oo.

<(const.){2;';1r2(j)}1/2 (lognj,)€r=2*1 exp{—0logn;}, k = k5 where 6 = % — €.

1/2

<(const.){2}’-‘;1 7”2(j)}1/2 (logn;)€1=2*17L k > k, where | is an integer such that

1= max(1,e" + & — 2%, — x3).

Also P(Gy)<(const.)(log k)~1/2 (logn})~*2*1/2) for large k by the tail behavior of the standard normal distribution.
Hence,

Y1 P(GR)Az(K)< (const.) + (const.) {X52, 72(N} "~ iy, (logny)er=2*a=t=2271/2 <oo,
Lemma 2.5: Let I;, be the indicator function of the event E. Assume that (logn)**"r(n)=0(1) as n— oo for some y >0.
Then sup, | Y. Y ny<k<i<n COV(Ii, I;)|<co where N is a large positive integer.

1/2
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Proof: We have for k<I,

Cov(Iy, 1) =E(Ii I;) — E(Iy) E(I})

=P(Fy N F}) P(Gx N Gy) - P(Fy) P(F) P(Gy) P(G)

={P(F, N F) = P(FP(FDI({P(Gx N G)) — P(GIP(G)} + P(GIP(GY)
+ P(Fk) P(Fl) {P(Gk n Gl) - P(Gk) P(Gl)} Therefore

[Cov(Iy, 1) | < {|P(F, N F) — P(FOP(F)HIP(Gy N G) — P(GP(GI}

+P(G)P(GO{IP(F, N F) — P(F)P(F)I} + P(Fy) PUFD{IP(Gk N G)) — P(G)P(GI}. ... (2.1
By Qualls and Watanabe (1971) we get
[P(F N F) — P(F)P(F)I=IP(F¢ N Ff) — P(F)P(F)| (2.2)

< Zzl:ll Yok |7 fol (p(dn;( (1), dpy (x1): Ar)dl where @ (u, v, p) is the standard bivariate normal density with correlation
coefficient p and r=r(n; — m; + u — nj, + my, — v). Since (logn)*¥r(n)=0(1) as n—> oo, we have
(logn)1*Y §(n)=0(1) as n—> o where supys,|r(k)|=86(n). Stationarity of X,,’s and the condition on r(n) ensure that

6(1) < 1. Let lim sup n:l"" = a(0<a<1). Hence, noting that % - 0asl—-oo,wehave,ny —m;+u—n;, +m; —v
k+1 l
> (const.)n; for | large. Therefore|n; — m; + u — nj, + my, — v| < §((const.)n; ) < (const.) (logn;)~177 for large

k and 1 such that >k> N, N being a sufficiently large positive integer.

Note that
@(dp; (1), dr; (x1): 2r) < (2m)7? ((1 _ 8(1)))_1/2 y
exp{—3 (g (61) = 217 Idy (61 )y (1) + > (1) )} 2.3)

< (const.) exp{— % (dniz(xl) +(1- 2|r|)dn;2(x1))} because dn; ‘s are monotonically increasing in j.

< (const.)(n) " (log ny,) 1 (n; (log nj) )~ (1-28(Cconstmi )

=(const.)(n;) " t(logni) ™1 (n)) " 1(logn;)~* exp{28((const.)n; )(logn; + x; loglogn;)}

< (const.)(ny,) " t(logny,)*1(n;) " t(logn;)** exp{2(const.)(logn;) 17" (logn; + x, loglogn;)}
since (logn)*? §(n)=0(1) as n— oo.

< (const.)(n,) " (log n,) 1 (n)~*(log n}) ™.

Hence the R.H.S of (2.2) can be majorized by

(const.) mm; §((const.)n; )(ny) 1(logny)*1(n)) (logn;) ™ (2.4)
< (const.)(logk)~*/2(log 1)~*/?(log n};) *(lognj) ~*17¥~1

Similarly |P(Gy N G;) — P(G,)P(G;)| can be majorized by an expression which is obtained from (2.4)
By replacing x; by x,. Hence the first term of R.H.S of (2.1) is

< (const.)(logk)~*(log ) "*(log n})~*1+x2) (log n}) ~*x1+x2+2r+2)

< (const.)(log k) "*(lognj) @1 +*2*r+D(log [) "1 (logn}) ~Fr+xz*tr+D),

The second term of (2.1) for large I> k > N large is

< mP(Yy > duy () ) my P(Ys > dy; () ) {IP(F 0 F) = P(FOP(R)IY

<(const.) mm,;(log k)32 (log )~ (log n},)~¥1+*2+1/2) (Jog n} ) ~*1+¥2+v+3/2)

<(const.) (log k)~ (lognj)~C1+*21/2) (Jog n}) ~(Fa+¥x2+v+3/2)

<(const.)(log k)~ (logn}) =1 +x2*¥/2+D (Jog [)~1(log n}) ~Fa+x2+v/2+1),

The third term of (2.1) is bounded by the same expression as the second. From these bounds the proof the lemma is
complete.

Lemma 2.6: Let I; be the indicator function of the event Ej.. Assume that 372 72(j) < 0. Then
Sup, Y Y n<k<icn Cov(Iy, I;)|<co where N is a large positive integer.

Proof: We have

[Cov(ly, I)| < |P(Gy 1“ G) — P(GP(G) [+IP(F N Fll) — P(F)P(F)I

szu;zvilrl f @ (d;, (x1), do; (x1): Ar) dA + f @(dp; (x2), dy; (x2): A7) dA

0 0
by lemma 1.5 of Qualls and Watanabe(1971) where 1 is defined at (2.2) of the proof of lemma 2.5.
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The above expression can be majorized by

1 1
Sty Sk (exp {3 (e 2 Ger) + (1 = 20D () )} + exp {3 (02 + (1 = 217Dy * () )} ) (25)
(c.f. (2.3) of the proof of lemma 2.5)
As in (2.2) of the proof of lemma 2.5, we have n; — m; + u — nj, + my, — v = (const.)n; for I large.
Since r(n)— 0 as n— oo, we get
[t=r(ny —my + u—ny, + my, —v)| < & forl>k > N where £>0 is sufficiently small. Hence (2.5) can be majorized by
1 1
(exp{=3 (dn 200 + (1 = 2 ) @)} + expf=5 (2 (2) + (1= 202G ) X
Z,T:ll Yoy Ir(nf —my + p = nj +my —v)| (2.6)
By Cauchy-Schwarz inequality

my my
D g =y =+ =)
u=1 v=1

m m N 1/2
1/2 E ¢ E k . .
=m < [r(ny —ml+,u—nk+mk—v)|)
p=1 v=1

1/2_1/2 1/2
1

my/? (B, Tty v (nf —my + = mj, + my —v)
1

1 =
< mimy (Z}’-‘;l r? (j))2 since

m; mg
Z Z r2(nj —m;+u—nj +my —v)
u=1 v=1

=ZL"=’1(r2(nf —mytp—np+m— 1)+ A2 —my 4+ — 1))

1
<my (Z2.r26))"
Thus (2.6) is bounded by
1
(const.) memy, (ni) ™ ()~ 729 ((logni) 2(log n;) " 729%2 + (logny) ™ (logny) ~(1729)%1)
This complete the proof of the lemma.

<m

THE MAIN RESULT
Theorem 3.1: Assume that either (logn)1*"r(n)=0(1) as n— oo for some y >0 or Y1 r2(j) < . Let (n) be any

k_ <1. Then the set of all almost sure limit

subsequence of positive integers such that n;, — coas k— oo and lim sup ~
k+1

points of (Unk, Vnk) is

S, ={(x1_x2): — % < X%, < %,xl +x, <& — %} where e* = inf{e: Y,(logn;)~¢*1/2) < oo},

The proof of the theorem is based on the following three lemmas. Let ny, my, F,, and Gy, be as in section2.
Lemma 3.1: For all xq,x,> - % and for all € > 0, we have

(1) P(Un; >x1+ 6V > x; i.o.) =0 and (ii) P(Un; >x1, Vg > x2 + € i.o.) =0

Proof: Since Uy and V,: are independent,

P(Up, > x1+ 6V > %)=P(Upny >x, +€) PV >x3)

< n,’;ZP(X1 > dp (y + e)) P(Y1 > dps (xz))

~(const.)(lognj)~(1+*¥1+x2%8) a5 k— oo, using the known result
Nk

2
1-9(x) ~(2m)~/ 2x‘"exp(— x?) as x— oo for the standard normal distribution function @. Since lim sup <1, we

Nk+1

1
have n;, > a*, 0<a<l for k large. Hence log nj, > (const.)u(k) for k> k, where u(k)= [k 1+x1+XZ] and [x] is the greatest

integer < x. Thus )}, P(Un; >x1 + €V > xz) < oo, An application of the Borel-Cantelli lemma completes the proof
of (i). Proof of (ii) is similar.
Lemma 3.2: Assume that either (logn)'*¥r(n)=0(1) as n— oo for some y >0 or Y72, 7%(j) < oo.
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Forall x; x, > — %with X +x, <gF — %, we have
P(Up; > x1, Vi > xpi.0.) =1

_r 1
Proof: Recall that let np=n,, where u(k)= [k1+x1+xZ] and [x] is the greatest integer < x,m;= [n,*((log k)_E], F,
:{Inaxn}i,—mk+1sjsn;‘c Xj > dn;;(xl)}anda
Gy ={ma)(n;;_mk+1S jeni Yy > dn;;(xz)} where dyr(X) =ap;xtby:. When r(n)=0, the corresponding events are

respectively denoted by F; and Gg. Define E;, = Fj, N G. Observe that E}, C {Un;; > xq, Vi > xz}. Hence the lemma
will be established if we show that

P(Ey i.0.)=1. (3.1
This in turn will follow when we show as n— oo that

E(]n) — oo and (3.2)
- ( n) — 1 in probability (3.3)

where J,,=>.)_y I for sufficiently large N, I, being the indicator function of Ej.
In order to establish (3.2) consider

P(Ey) — P(Ex)=P(F)P(Gy) — P(Fy) P(Gy) (3.4)
=P(F){P(Gr) — P(Gp)} + P(GR{P(F) — P(F)}.

Therefore

|P(E) — P(ER)| < P(F)IP(Gr) — P(G)l+ P(Gi) IP(F) — P(Fi)| = Ay say. (3.5)
Observe

From the tail behavior of @(x)(d.f. of standard normal r.v.) that

(a) P(Ey) < mkP(X1 > dn;(xl)) ~ (const.) (log k)2 (logn})~*1*1/2as k— oo.

(b) P(F;)=1—-@™k (dn;;(xl))= 1—exp {mk log{l - (1 -0 (dn;;(xl)))}}

=1—exp{—mk <1 -0 (dn;;(xl))) 1+ 0(1))} ~ (const.)(logk)~1/2(logny) ~*1+1/2)as k— oo, whenever x;> —%.
Similarly P(Gj)~ (const.) (logk)~Y/?(logn;)~*2*1/2as k— oo, whenever x,> — %

(2) By lemma 3.1 of Berman (1964)

|P(F) — P(Fk)l [P(FO) — P(F)| < @)~ 7 r(D] mye — N(1 —72())
exp{—d;;*(x)) /(1 + [ (DD}

and s1m11arly |P(Gy) — P(Gp)| < (2m)~ ka 1|r(])| (my — ])(1 - rz(]))
exp{—d;;*(x2) /(1 + Ir (D}

By lemma 2.3 and lemma 2.4 we get Y.ry Ax < % whenever either (logn)*r(n)=0(1) as n— o for some y >0 or
Y1 r2(j) < oo,
Further P(F}) P(G;)~ (const.)(logk)™* (lognj)~C1+%2+1D) a5 k— oo,

1

1/2

1/2

Since lim sup nn—k <1, we have log n; > (const.) k*+x1+xz for large k. Hence
k+1

P(Fy) P(Gg)~ (const.)(logk)™! k=1 as - oo. Thus Y P(Fy) P(Gy) < 0. Hence from (3.5), (3.2) follows.
By Chebycheff’s inequality we have

VUn)  _ XRenVUi)+2E Bnsk<izn COV U D)
Pz EJn -1|>¢) =g 207 (8 ))? (3:6)
Clearly Y7oy V(1) < Yoy E(I) = o(EJ,)? as n— oo. Hence (3.3) will be established if we show
SUpL Y Yn<k<i<n Cov(Iy, I;) |[<oco where N is a large positive integer. But this follows from lemma 2.5 and lemma 2.6.
Hence the proof of the lemma is complete.

Lemma 3.3: For all xq,x, > — % with x;+x, = &* — % and for all € > 0 we have
P(Up, >x1+ €,V >x,+ € 1.0 ) =0.

Proof: Since Uy, and V,,,_are independent, we have

P(Up, >x1+ €, Vi, x5+ € )= P(Uy >x1+ €) P(V >x+ €)

<ng P(X; > dp, (x1+ €)) P(Y;>dy, (x,+ €) )
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< (const) nZ (dpn, (%1 + &) (dn, Cxz + e)‘lexp[—§ d3, (1 +€) — =2 d2, (xz + £)}. k= kyby the tail behavior of
the standard normal distribution.
< (const.)(log ) A+¥1¥%242€) ‘Hence ¥ P(Up, > %1 + & Vg > x5 + £) <00

Since % +x;+x,+2e>€"asx; +xy, =€ — % An application of Borel-Cantelli lemma completes the proof.

Proof of theorem 3.1: From lemmas 2.1 and2.2 it is clear that the limit set of (Unk, Vnk)is contained in the square

{(xl,xz) D= % < X,% < 6*}. It follows from lemma 3.3 that the limit set is contained in S,,.

1

We conclude from lemmas 3.1 and 3.2 that every point of S, except the point (— %, —= ) is a limit point. That the point

2

1

(— %, -5 ) is also a limit point follows from continuity considerations.
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