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A generalisation of almost sure limit sets of
vector sequences of moving maxima
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Abstract We obtain almost sure limit sets of vector sequences of moving maxima and moving second maxima of a sequence of

independent negative binomial random variable when p = co.
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INTRODUCTION
Let { X, nz l} be sequence of independent negative binomial random variables with probability mass
function (p.m.f.)

-1 .
P(X=k) = a'(l-a),
r- 1

k=r,r+1,...... , O<ax<l

Define moving maxima and moving second maxima by

Y]: = max { Xoympts Xok@y2s ---» Xn

Sk(n) = second largest { Xykmyr1, Xnkny2s «--» Xn }

where k(n) is a non decreasing sequence of positive integers. If k(n) =n then M= vy )

Thus Y, . and S,
Next we make the following assumptions on k(n).

may be regarded as general forms of M'"and M'*’ respectively.

n

k(n) is non-decreasing
sup [k(n +1) —k(n) ]< p (finite)




International Journal of Statistika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 21, Issue 1, 2016 pp 07-12

and

n
)t(n)j|’ t(n) >p,0<p<ow,asn—>®

k(n)= {

in particular, if

(log n

[ n],O0<a<fl then p =0

T
I
Q

k(n) = _n ,0<g<o, then
(log n)®
then p = ®©
[n“], O<a<l,
now define,
1 1 1
am= =2 —2F 2 p(n) = ——
—log (1l —a) -log (1l —a)
Then we establish the following.
When 0 <p <o, Nagesh S.(2014) establishes the result,

Theorem 1.1:

The almost sure limit set of the vector sequence {( Y;(n) -b(n))/a(n), (S;(n) -b(n))/a(n)},

n > 1 coincides with the region,
S={xy) :rp-1<x<r,rp-1<y<r, x>y, xty < 2rp-1}.
A generalization of this result when p =oco,is presented in the next section.

ALMOST SURE LIMIT SET RESULT AND PROOF
Theorem 2.1:
The almost sure limit set of the vector sequence

Y l:(n) S ;(n) .. . .
, n >1 coincides with the region,
b(n) b(n)
S={(x,y): A<Lx, A<y and x+y<1+A},
when 0<A<I.
For proving the theorem we make use of the following Lemmas.

Lemma 2.1.1

Foreverye>0, x>y>A and xty<1+A

P{Y,,>c, (x+eg), S,,, >c, (y) i.0. } =0
and

P {Y}:(ll)>cli(x), S;(li) >c, (y+e) i.o. }: 0
where 1, =[i"] with 6 = 1/(x+y-2A+¢/2)
and cli(x)=xb(li)

Proof:
We have

P {Yk*(li)>cl (x+e), S;(ll) >cy (y) }

i

=P {Y}:<ll)>cli(x+e) }-p {Yk*(li)>cll(x+e), Sro, < (v) }
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= {1-F*"™ (c, (x+8)) } - k(1) { F*™™ (c, (v)) | { 1-F [c, (x+2)) |
=1l-exp { -k(1,) [1-F(c (x+e)) ] (1+0(1)) }-k (1) [ exp{-(k(1)-1)

[1-Fc, (y)) ] (1+0(1)) ][ 1-F (c, (x+e) ]

=1+0(1) { k(1) (x(1)-1) J[1-F(c, (x+e)) [ [1-F (c, (v)) ].
Since k(1,) [1-F (c, (x+e)) ] >0 for x>n,

k(L) [1-F (c,(y)) ] >0for y>a,

and
[1-F (¢, (x+€)) ]

[1-F(c, (y))]
<Const. k(1) [ 1-F (¢ (x+e)) ] [1-F (e (v))]

for all 1 large

< 1 1
< Const l(f”ﬂm) l(inym ,m>0

1
= Const
j_ 6(x +e-A+n+y—-A+n)

1
:COHSt ( + B8(x +y+e-2A-2n j

1

1
= Const ( J_]-Tj >, 14 >0.

Thus the proof of the Lemma is complete.

—>0forx>yasi—

Lemma 2.1.2

For every €>0 and xy=A-g,

p{ s, <c.(x,) i.o. }=o.
Proof:

In view of Lemma Barndorff-Neilson(1961) and Devroye (1981)
it is sufficient to prove,

*

P { Si. <c.(x,) }=>0

and z P { Sim SCu(xp)and S|, > c (x,) }< 0
n=1

Note that

P { S;(n) SCn(XO) } =P {S;(n) Scn(XO)’ YI:(n) SCn(XO) }

+ P {Sim Scu(xy), Y. >c.(x) }
=P { v, <c.(x)) 1+ P {Si. <c.(x), Yo, >c.(x,) }

k(n) —
=F*™ (c.(x,))+ k (n) [Fk(n)—l (c,(x,) ] [ 1-F(c,(x,)) ]
:En[ pk (- (c,(x,) ] {14_ @},
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where E_ =k (n) {1‘F (Cn(XO)}

n

IA

(ﬁ} ( exp{ -k (n)[ 1-F (c,(x))] (1+o(1)}]
NES

1
< l— ex (x,—A-n)
n(X o—A-nm) nxo n

— ( n3£/2 (eXp (_ns/2)) ]

—0, as n— oo.
Now since {ci(Xo)} is non decreasing, notice that

P { S;(n) S Cn(XO) and S;(n+1) > C:n(XO) }

SP {S]*((n) SCn(XO) 4 Y]:(n) SCn(XO)’ S]i(n-#l) >Cn(XO) }

+P {S]*((n) <c (x4) Yl:(n) >c, (%x,) S;(m-l) >c, (%) }
Case(i):

n-k(n+1)+2>n—k(n)+ 1

RHS of (2.1.1)

<k(n) [F*"" (ca(x0))] [1-F (ca(x0))]’

=E, [F*™" (ca(xo))][1-F (ca(x0))]

1
< 3¢e/2 _ &2
n [ eXp{n } j (nxo(log n)(rl)J
1 1 .
:(H(A—£—38/2) j ((log n)(rl)j [ exp {-n /2} j

Const.

>0.
n1+n8 778

Case(ii):

n—k(ntl)—2<n-k(n)+ 1.

Then proceeding as in the proof of Lemma 2.5, in Nagesh S.(2014),
R.H.S. of (2.1.1) is majorised by

1
[Tj,ng > 0.
n 9

Thus the proof of the Lemma is complete.
Lemma 2.1.3 :
For ASx<1+A, ASy<I+A, x>y and xty<1+A,

P { Yo, >ci(x), S.,, >c, (y)i. o. b=

Proof:
We have

P {Y}:ui) >c,y (%), S]:(li) >c, (y) }

=P {Y,, >c, (x) J-P{Y,, > c (), S, <c (v)]
=[1-F*" (c.x) ] - [k @) [F (e yn ] [1-F(ex))]]
= l-exp{ -k(1)[1-F(c, (x)) ] (1+ o(1)) j-k(1,) {exp
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(- k(1,)-1) [1—F<cli<y>> J(x+o@)) J[1-F(e, (=) ]

1

=(1+o0(1)) [(k(1 ) k@ H-1) J[1-F(c, (x) ][1-F(c, (v)) ]
>Const. k( [1 F( ))][l—F (cll(y))]forallilarge
S 1
> Const. leA_n [ amm ,m>0
= Const. (l = +y_2“2”)j
:COHSt( (x +y— 2A+277)J
= Const [ ll_—nloJ 7710 > O,
Now we have to show that
1,,, - k(1 ,,)+1- 1, >0
k(1. 1 1.
1., - k(1,,)+1- 1, —ll+l{1 ( l+l)+ + l} (2.1.2)
li+l li+l li+l
1 ° ’ 1)’ 0
: - == e=(1+_—j =1-Z(1+0(1))
ll+1 (l+1) ) 1 1 1
1711+ —
i
Therefore
1 S
1 - - —(1 + o(1))
li+l 1
1 k(1 k(1.
l1]—— - (L) (1 +0(1)) (L in)
li+l ll+l li+l
S] i k(1 .
=—|1+0(1)) _l_M
j‘ e li+l
k(1 .
=iM—> 0,iff 6 >
li+1 1-4
. (1 +1)° o1
Therefore R.H.S. of (2.1.2)is = ——— (1 + o (1)) =1 —> o as 6>1
i

Thus the events {Y}:ul) >c, (%), S;<11> >c, (y) } i=1,2, ..., are independent for all i large.

Hence by Borel-Cantell; Lemma, the required result is obtained.

Lemma 2.1.4:
Forall x> A, y>A with x+y>A+1 and for every >0,

P {vY ., >c.x+e), S, >c.y+e) i.o. } =0

Proof:
Define the events
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A :{Y}:(n) >c (x+¢g) , Si(m >c (y +¢g) }
and
B, ={ Y/, >c, (x+€), S, >c, (y+¢g) for atleast one n € [n;,n,,] }
Where n;= [i"], i>1 and 9=( L j
X+y—2AN+¢/2
Notice that
P {A,io0.inn} <P (B; i.0.in i} (2.1.3)

But P(Bi)SP{max(an X )>cnl(x +¢e),

—k(n )+1,..., N,

secondmax (X |, .y, X, )>c, (y +g)}

S[ni+1—ni+k(ni)—l ]2 [l—F(cnl(x+€))] [l—F(cnl(y+€))]

n

i

2
:|:ni+1_ni+k(ni)_l} ni[l—F(Cni(X‘i‘S))] n; [l_F(Cni(y-i_s))]

1
< Const [J_“'—UHJ 4 >O,

By Borel-Cantelli Lemma, R.H.S. of (2.1.3) is zero and thus the Lemma is proved.

PROOF OF THE THEOREM
By Lemmas 2.1.1, 2.1.2, 2.1.3, 2.1.4, it follows that the required limit set is contained in S. This completes the
proof of the theorem.
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