
 
How to site this article: Sheetal Chawla, Jagbir Singh, Rekha Devi

Statistika and Mathemtika. November to January 2016; 21(2): 13

Original Article  

 

Expression for primitive i
 

Sheetal Chawla
1
, Jagbir Singh

2

 
1
Department of Mathematics, Indian Institute of Technology Delhi, New Delhi 

2,3
Department of Mathematics, M.D. University, Rohtak

Email: chawlaasheetal@gmail.com, ahlawatjagbir@gmail.com

 

Abstract The explicit expressions for complete set of primitive idempotents in

16 np
C of order 16

n
p over the field 

Keywords: Group algebra, cyclotomic cosets, primitive idempotents.
 

*Address for Correspondence: 
Dr. Jagbir Singh, Department of Mathematics, M.D. University, Rohtak

Email: ahlawatjagbir@gmail.com 

Received Date: 14/10/2016 Revised Date: 23/11
 

 

 

 

 

 

 

 

 

 

 
 

INTRODUCTION 

Let F  be a finite field of prime power order 

FG , the group algebra of the cyclic group 

idempotents which equals the number of cyclotomic cosets modulo 

 modulo q m , then ( )1 t mφ≤ ≤  [3]. If 

idempotents were calculated by Pruthi and Arora [1, 4]. The minimal cyclic codes of length 

Bakshi and Raka[2]. Primitive idempotents of length 

8
n
p

 
were discussed by Singh and Arora[6].

The q -cyclotomic cosets modulo 16
np ,where 

In Section 3, we obtained the primitive idempotents in 

 

CYCLOTOMIC COSETS 

Let {1, 2,...,16 }nS p= . For ,a b S∈ , say that 

equivalence relation on set S . The equivalence classes due to this relation are called 
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be a finite field of prime power order q  and G  be a cyclic group of order m  such that 

, the group algebra of the cyclic group G  over F , is semi-simple and has only a finite number of primitive 

idempotents which equals the number of cyclotomic cosets modulo m . Let t  be the multiplicative order of 

[3]. If ( )t mφ= and 2, 4, , 2n nm p p= , the complete sets of primitive 

idempotents were calculated by Pruthi and Arora [1, 4]. The minimal cyclic codes of length 

akshi and Raka[2]. Primitive idempotents of length 4
n
p  were obtained by Chawla and Singh[5] and those of length 

were discussed by Singh and Arora[6]. 

,where ( )1 mod8np ≡  and q  is of the form 16 9k + ,are obtained in Section 2. 

In Section 3, we obtained the primitive idempotents in 
16 np

FC (Theorem 3.19). 

, say that a b�  iff (mod16 )i na bq p≡  for some integer 

. The equivalence classes due to this relation are called q - cyclotomic cosets modulo
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FC��� 

, the group algebra of the cyclic group 

16 9 , are obtained. 

( ). . . , 1g c d m q = . Then 

simple and has only a finite number of primitive 

be the multiplicative order of 

, the complete sets of primitive 

np q  were discussed by 

were obtained by Chawla and Singh[5] and those of length 

16 9 are obtained in Section 2. 

for some integer 0i ≥ . This is an 

cyclotomic cosets modulo
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16 np . The q -cyclotomic coset containing s S∈ is },...,,,{
12 −=Ω st

s sqsqsqs , where 
st  is the smallest positive 

integer such that (mod16 )st nsq s p≡ . 

Lemma 2.1. If ( )npφ  is the order of q  modulo 
np  then order of q  modulo 

n ip −

 
is ( )n ipφ −

, for all i , 

0 1i n≤ ≤ − . 

Proof is trivial. 

Lemma 2.2. If q  is an odd prime of the form 16 9k +  and ( )npφ  is the order of q  modulo 
np , then for 

0 1i n≤ ≤ − , the order of q  modulo 2
n ip −

 ,  4
n ip −

, 8
n ip −

and 16
n ip −

is )( inp −φ . 

Proof. Since ( )npφ  is the order of q modulo 
np , therefore, by lemma 2.1, order of q  modulo 

n ip −
 is ( )n ipφ −

, 

0 1i n≤ ≤ − . Hence 

( ) 1 (mod )
n i
p n iq pφ − −≡     (1) 

Since )( inp −φ  is even, therefore, ( ) 2n ip tϕ − =  for some integer t and 16 9q k= + , for some integer k , therefore, 

1 (mod 2)q ≡ . Hence 
( ) 1 (mod 2)

n ipq φ −

≡  

Also, . . .(2, ) 1n ig c d p − = , therefore, 
( ) 1 (mod 2 )

n ip n iq pφ − −≡ .  

As order of q  modulo n ip − is ( )n ipφ −
, therefore, ( )n ipφ −

 is the smallest integer for which (1) holds. Hence the order 

of q  modulo 2
n ip −

 
is ( )n ipφ −

. Similarly, the result holds for 4 ,  8n i n ip p− −

 
and 16

n ip −
. 

Lemma 2.3. For 0 1i n≤ ≤ − and 0 ( ) 1n ik pφ −≤ ≤ − , ( )2 1 2 (mod16 )r n k n isp q p −+ ≡/ ,for 0 2r≤ ≤ and1 7s≤ ≤

. 

Equivalently, (1 2 ) (mod16 )i n i k np sp p q p+ ≡ . 

Proof can be obtained using lemma 2.1 - 2.2. 

Theorem 2.4. The q -cyclotomic cosets modulo 16 np  are  

{ }n

n

lp
lpΩ = for 0,2,4,6,8,10,12,14l = ; 

{ },n

n n

sp
sp sp qΩ = , for 1, , ,s λ µ ν= ; 

and 
( ) 1

{ , ,..., }
n j

j

j j j p

tp
tp tp q tp q

φ − −Ω = ,for 0 1j n≤ ≤ − , 

1,2,4,8, 1 2 ,2 ,4 , 1 4 ,2 , 1 6 ,2 , 1 8 , 1 10 ,

1 12 , 1 14 .

n n n n n

n n

t p p p p p

p p

λ λ λ µ µ ν ν χ ψ

ξ τ

= = + = + = + = + = +

= + = +
 

Proof. { }0 0Ω =
 
is trivial. 

Since q  is odd prime of the form 16 9k + , so ( )2 1 mod16q ≡ , therefore, ( )2 mod8n n nsp q sp p≡ . Hence 

{ },n

n n

sp
sp sp qΩ = . 

Since ( )1 mod8q ≡ , therefore, ( )mod16n n nlp q lp p≡ . Hence { }n

n

lp
lpΩ = . 

By lemma 2.2, ( )( ) 1 mod16
n ip n iq pφ − −≡ , equivalently, ( )( ) mod16

n ii p i np q p pφ −

≡ . 

Therefore, 
( ) 1

{ , ,..., }
n i

i

i i i p

p
p p q p q

φ − −Ω = . 

Similarly, 
( ) 1

{ , ,..., }
n i

i

i i i p

tp
tp tp q tp q

φ − −Ω = . 
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Obviously, | | 1nlp
Ω  = for 0,2,4,6,8,10,12,14l = ; | | 2nsp

Ω  =  for 1, , ,s λ µ ν= . 

| | ( )i

n i

tp
pφ −Ω   = for 0 1j n≤ ≤ − , 

1,2,4,8, 1 2 ,2 ,4 , 1 4 ,2 , 1 6 ,2 , 1 8 , 1 10 ,

1 12 , 1 14 .

n n n n n

n n

t p p p p p

p p

λ λ λ µ µ ν ν χ ψ

ξ τ

= = + = + = + = + = +

= + = +
 

Therefore, 

1 1
1 2

0 0

( ) ( ) ( ) ( ) ... ( ) 1i

n n
n i n n n n

p
i i

p p p p p pφ ϕ ϕ ϕ ϕ
− −

− − −

= =

Ω = = + + + + = −∑ ∑ . 

0 2 4 6 8 10 12 14

1

0 1,2,4,8,16, ,2 ,4 , ,2 , ,2 , , , ,

Hence | | | | | | | | | | | | | | | | | |

| | | | | | | | 8 .

n n n n n n n n

n n n i

p p p p p p p p

n
n

p p p tp
i t

p
λ µ ν

λ λ λ µ µ ν ν χ ψ ξ τ

−

= =

Ω + Ω + Ω + Ω + Ω + Ω + Ω + Ω + Ω

 
+ Ω + Ω + Ω + Ω = 

 
∑ ∑

 

Thus, it follows that these are the only distinct q - cyclotomic cosets modulo 16 np . 

 

PRIMITIVE IDEMPOTENTS 

3.1 Notation. Throughout this paper, we assume thatα  is a16
np th root of unity in some extension field of F . We 

denote ( )s xθ , the primitive idempotent in 
16 np

FC , given by 

16 1

0

1
( )

16

n
p

s i

s in
i

x x
p

θ ε
−

=

= ∑  where 

s

s ij

i

j

ε α −

∈Ω

= ∑ [3]. Also, 

denote 

s

s
s

s

C x
∈Ω

= ∑ . 

3.2 Lemma. For any odd prime p  and positive integer k , if δ  is a primitive 
kp th root of unity and ζ  is a primitive 

2 kp th root of unity in some extension field of F . Let q  be a primitive root modulo 
kp , then 

( ) 1

0

1     if   1

  0     if   1

k

s

p

q

s

k

k

φ

δ
−

=

− =
= 

>
∑  

and  

( )2 1

0

1     if   1

0     if   1.[6]

k

s

p

q

s

k

k

φ

ζ
−

=

=
= 

>
∑  

3.3 Lemma. If 1(mod8)np ≡ , then ( )
( )

( )21 14 1 mod16

np

n np q p

φ

+ ≡− . 

Proof. By lemma 2.1, 

( )
2 1(mod )

np

nq p

φ

≡ − . Also, 1 14 1(mod )n np p+ ≡ . Therefore, ( )
( )
21 14 1(mod )

np

n np q p

φ

+ ≡ − . 

Further, since 1(mod8)np ≡ . Also q  is of the form 16 1k + , therefore 

( )
2

np

q

φ

is of the form 16 1s+ . Let 8 1np k= + , 

then ( )
( )

( )21 14 1 mod16

np

np q

φ

+ ≡ − . But . . (16, ) 1ng cd p = , thus ( )
( )

( )21 14 1 mod16

np

n np q p

φ

+ ≡ −  

3.4 Remark. In above lemma, we obtained “If 1(mod8)np ≡ , then 1 τ−Ω = Ω  ”. 

3.5 Lemma. For cyclotomic cosets j
p

Ω , 0 1j n≤ ≤ − , 

(i) 
2

j j j
p p pν

ν νΩ = Ω = Ω  

(ii) 
2

j j j
p p pτ

τ τΩ = Ω = Ω  
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(iii) 
2 .j j j

p p pχ
χ χΩ = Ω = Ω  

Proof. (i) Since ( ) ( )2
2 21 6 1 36 12 1 4 9 3 .n n n n np p p p pν = + = + + = + +  

As ( )1 mod4np ≡ , so ( )9 3 0(mod4)np + ≡ and hence ( )2 1 mod16 npν ≡ . 

Therefore, 
2

j j
p p

λ Ω = Ω . Also, 

( ){ } ( ){ }1 12 2 2 2, ,..., , ,...,
n j n j

j j

p pj j j j j j

p p
p p q p q p p q p q

φ φ

λ
λ λ λ λ λ λ λ λ λ

− −− −
Ω = = = Ω . 

Thus, 
2

j j j
p p pλ

λ λΩ = Ω = Ω . 

Proof of remaining parts will go on similar lines. 

3.6 Lemma. For 0 1j n≤ ≤ − , 

(i) 
2 2

j j
p pν

−Ω = Ω . 

(ii) 
4 4

j j
p p

−Ω = Ω . 

(iii) 
8 8

j j
p p

−Ω = Ω  

(iv)
16 16

j j
p p

−Ω = Ω  

Proof of these can be obtained easily by using lemma 3.3. 

3.7 Lemma. For cyclotomic cosets n
sp

Ω  for 1,2,4,6,8,10,12,14, , ,s λ µ ν=  

(i) n n
p pν

−Ω = Ω , n n
p pλ µ

−Ω = Ω . 

(ii) 
2 14

n n
p p

−Ω = Ω , 
4 12

n n
p p

−Ω = Ω , 
6 10

n n
p p

−Ω = Ω , 
8 8

n n
p p

−Ω = Ω  

Proof. Since { } { }, , ,n n

n n n n

p p
p p q p p q

ν
ν νΩ = Ω = , and ( )1 mod4np ≡

 
so let 4 ' 1np k= + . Then 

( ) { }1 8 5 3 2n n n n np q p q p k p q pν ν+ = + = + +
 
and hence 

 
( )mod16n n np q p pν ≡ −  

Hence the result follows. 

3.8 Lemma. If 1,2,4,8,16, , , , , ,  or r λ µ ν χ ψ ξ τ=  then for 0 1j n≤ ≤ − , 

 
16 16

16j j j
p p rp

rΩ = Ω = Ω .[6] 

3.9 Notations. Let α  be a fixed primitive 16
np th root of unity in some extension field of F . For 0 1,j n≤ ≤ − we 

define, 

jp

j s

j

s

T p α
∈Ω

= ∑ ,

jp

j s

j

s

P p

τ

α
∈Ω

= ∑ , 

jp

j s

j

s

V p

ξ

α
∈Ω

= ∑ , 

jp

j s

j

s

X p

ψ

α
∈Ω

= ∑ , 

2 jp

j s

j

s

R p α
∈Ω

= ∑ ,

4 jp

j s

j

s

M p α
∈Ω

= ∑ and 

2 jp

j s

j

s

Y p

λ

α
∈Ω

= ∑ . Then, , , , , ,j j j j j jT P V R M Y F∈ . 

3.10 Lemma. For 0 ,j i n≤ ≤ ,  
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0                 if  

1
        if  -1

i i i i i i i

j j j j j j jp p p p p p p

i

jp

p s p s p s p s p s p s p s

s s s s s s s

p s

s i jj

i j n

T i j n
p

ν τ χ ψ µ ξ

µ

ν τ χ ψ µ ξ

ξ

α α α α α α α

α

∈Ω ∈Ω ∈Ω ∈Ω ∈Ω ∈Ω ∈Ω

∈Ω +

= = = = = − = −

+ ≥


= =  + ≤

∑ ∑ ∑ ∑ ∑ ∑ ∑

∑
 

Proof. Let 
i jpδ α
+

= . Then, 

( ) ( )1 1

0 0

n j n j

i i j t t

jp

p p

p s p q q

s t t

φ φ

α α δ

− −

+
− −

∈Ω = =

= =∑ ∑ ∑ . 

Now consider the following cases: 

Case 1. If i j n+ ≥ , then δ  is 16
th
 root of unity and 

l r
q qδ δ=  iff ( )mod16l rq q≡

 
iff ( )mod2l r≡ . 

Hence using lemma 3.2, 
( ) 1

0

0
2

i t

j
p

n j

p s q

s t

pφ
α δ

−

∈Ω =

= =∑ ∑ . 

Case 2. If 1i j n+ ≤ − , then δ  is 16 n i j
p

− −
th root of unity and 

l r
q qδ δ=  iff ( )mod16l r n i jq q p − −≡

 
iff ( )( )mod n i jl r pφ − −≡  

Therefore, 
( )

( )
( ) ( )1 1

0 0

1 1
n i j n i j

i t i j t

j i j
p p

n j p p

p s q i j p q i j s

j jn i j
s t t s

p
p p

p pp

φ φφ
α δ α α

φ

− − − −

+

+

− − −

+ +

− −
∈Ω = = ∈Ω

= = =∑ ∑ ∑ ∑  

Since 

i j
p

i j s

i j

s

p Tα
+

+
+

∈Ω

=∑  , therefore, 
1i

jp

p s

i jj
s

T
p

α +
∈Ω

=∑ . 

The proof of the following lemmas will go on similar lines as of the lemma 3.10. 

3.11 Lemma. For 0 1,0j n i n≤ ≤ − ≤ ≤ , 

0                    if  

1
        if  -1

i i i i i i

j j j j j jp p p p p p

i

j
p

p s p s p s p s p s p s

s s s s s s

p s

s i jj

i j n

P i j n
p

ν ν χ µ λ

ψ

χ τ τ λ χ

ξ

α α α α α α

α

∈Ω ∈Ω ∈Ω ∈Ω ∈Ω ∈Ω

∈Ω +

= − = = − = − = −

+ ≥


= − = − + ≤

∑ ∑ ∑ ∑ ∑ ∑

∑
 

3.12 Lemma. For 0 ,j i n≤ ≤ , 

0                    if  

1
        if  -1

i i i i

j j j jp p p p

p s p s p s p s

s s s s i jj

i j n

V i j n
pµ µ χ

χ ξ ξα α α α
∈Ω ∈Ω ∈Ω ∈Ω +

+ ≥


= − = = − = − + ≤

∑ ∑ ∑ ∑

 
3.13 Lemma. For 0 ,j i n≤ ≤ , 

0                    if  

1
        if  -1

i i i i i i i

j j j j j j jp p p p p p p

i

jp

p s p s p s p s p s p s p s

s s s s s s s

p s

s i jj

i j n

V i j n
p

λ λ χ µ µ ξ

ξ

χ ψ ψ ν τ ν

τ

α α α α α α α

α

∈Ω ∈Ω ∈Ω ∈Ω ∈Ω ∈Ω ∈Ω

∈Ω +

= − = = − = = − = −

+ ≥


= = − + ≤

∑ ∑ ∑ ∑ ∑ ∑ ∑

∑
 

3.14 Lemma.  For 0 1,0 1j n i n≤ ≤ − ≤ ≤ − , 
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( )
4

8 8

8 2 8 8 8 8

8 1

     if  

p             if  -1

0                   if  -1

i i i i i i

j j j j j j
p p p p p p

i i i

j j jp p p

p s p s p s p s p s p s

s s s s s s

n j

p s p s p s n j

s s s

p i j n

i j n

i j n

λ ν χ µ

ψ

ξ τ

α α α α α α

φ

α α α

∈Ω ∈Ω ∈Ω ∈Ω ∈Ω ∈Ω

−

− −

∈Ω ∈Ω ∈Ω

= = = = =

− + ≥


= = = = + =
+ <

∑ ∑ ∑ ∑ ∑ ∑

∑ ∑ ∑



 

3.15 Lemma.  For 0 1,0 1j n i n≤ ≤ − ≤ ≤ − , 

( )
8 4

8 8

16 2 4 16 16 16 16

16 16 16 1

     if  

-p         if  -1

0                i

i i i i i i i

j j j j j j j
p p p p p p p

i i i

j j jp p p

p s p s p s p s p s p s p s

s s s s s s s

n j

p s p s p s n j

s s s

p i j n

i j n

λ ν χ µ

ψ

α α α α α α α

φ

α α α

∈Ω ∈Ω ∈Ω ∈Ω ∈Ω ∈Ω ∈Ω

−

− −

∈Ω ∈Ω ∈Ω

= = = = = =

+ ≥

= = = = + =

∑ ∑ ∑ ∑ ∑ ∑ ∑

∑ ∑ ∑
f  -1i j n




 + <


 

3.16 Lemma. For 0 ,0 1i n j n≤ ≤ ≤ ≤ − , 

( ) 2

2 2 2 2 2

   if  ,

2               if  ,

1
R              if  -1

i j

i i i i i j

j j j j
p p p p

n j p

p s p s p s p s p

s s s s

i jj

p i j n j n

i j n j n

i j n
p

µ χ χ

φ α

α α α α α

+

+

−

∈Ω ∈Ω ∈Ω ∈Ω

+


+ ≥ <

= − = = − = + ≥ =

 + ≤


∑ ∑ ∑ ∑  

3.17 Lemma.  For 0 1,0 1j n i n≤ ≤ − ≤ ≤ − , 

( )

4 4

4 4 4 4 4

4

4 4

    if  ,

2                   if  ,

1
                if 

i i i i i

j j j j jp p p p p

i j

i i i i j

j j j
p p p

p s p s p s p s p s

s s s s s

n j p

p s p s p s p

s s s

i jj

p i j n j n

i j n j n

M
p

λ ν χ µ

ψ

ξ τ

α α α α α

φ α

α α α α

+

+

∈Ω ∈Ω ∈Ω ∈Ω ∈Ω

−

∈Ω ∈Ω ∈Ω

+

= − = − = =

− + ≥ <

= − = = − = + ≥ =

∑ ∑ ∑ ∑ ∑

∑ ∑ ∑
 -1i j n






 + ≤


 

3.18 Lemma. For 0 ,j i n≤ ≤ , 

2 2 2 2 2

0           if  

1
  if  -1

i i i i i

j j j j jp p p p p

p s p s p s p s p s

s s s s s i jj

i j n

Y i j n
pλ µ

ψ ν τ τα α α α α
∈Ω ∈Ω ∈Ω ∈Ω ∈Ω +

+ ≥


= = − = − = =  + ≤

∑ ∑ ∑ ∑ ∑  

3.19 Theorem. The explicit expressions for the 16 9n +  primitive idempotents in 
16 np

FC  are given by 

{

}

0 2 4 6 8 10 12 140

1

2 4 8 16 2 4 2 2

0

1
( )

16
n n n n n n n n n n n

i i i i i i i i i i i i
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where β  is 2
nd
 root of unity and γ  is 4

th
 root of unity in some extension field of F. Further, , , , , ,j j j j j jT P V R M Y  can 

be obtained by using the relations ( ) 1
j

j

sp

sp
θ α =  and ( ) 0,  

j

j

tp

sp
s tθ α = ≠ . 

Proof. By definition, 
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For 0s =  , 
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0 0 1s k
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ε α α
∈Ω

= = =∑  and hence expression for 0
( )xθ  is obtained. 

Remaining expressions can be obtained by using lemma 3.5 – 3.8 and lemma 3.10 -3.18. 
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