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INTRODUCTION

Let F be a finite field of prime power order ¢ and G be a cyclic group of order m such that g.c.d .(m, q) =1. Then

FG , the group algebra of the cyclic group G over F', is semi-simple and has only a finite number of primitive
idempotents which equals the number of cyclotomic cosets modulo m . Let ¢ be the multiplicative order of

g modulo m, then 1<¢< ¢(m) [3]. If t= ¢(m) and m=2,4,p",2p", the complete sets of primitive
idempotents were calculated by Pruthi and Arora [1, 4]. The minimal cyclic codes of length p"g were discussed by
Bakshi and Raka[2]. Primitive idempotents of length 4 p" were obtained by Chawla and Singh[5] and those of length
8 p" were discussed by Singh and Arora[6].

The ¢ -cyclotomic cosets modulo 16 p" ;where p" = 1(1110(18) and ¢ is of the form 16k + 9 ,are obtained in Section 2.

In Section 3, we obtained the primitive idempotents in F'C 165" (Theorem 3.19).

CYCLOTOMIC COSETS
Let S=1{1,2,..,16p"} . For a,be S, say that all b iff a =bq'(mod16p”") for some integer Z >0 . This is an

equivalence relation on set S . The equivalence classes due to this relation are called ¢ - cyclotomic cosets modulo
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16p" . The g -cyclotomic coset containing s € Sis Q = {s,sq,sq2 yeees SG s _1} , where ¢ is the smallest positive
integer such that s¢" = s(mod16p").
Lemma 2.1. If #(p") is the order of ¢ modulo p" then order of ¢ modulo p"" is &( ") , for all i,

0<i<mn-1.
Proofis trivial.

Lemma 2.2. If ¢ is an odd prime of the form 16k+9 and @(p") is the order of ¢ modulo p", then for
0<i<n-1,theorderof ¢ modulo 2p"" , 4p"", 8p" and 16p" " is ¢(p" ).

Proof. Since @#(p") is the order of ¢ modulo p", therefore, by lemma 2.1, order of ¢ modulo P s d(p"),
0<i<mn-1.Hence

g"" " =1 (mod p"”) (1)
Since ¢( p’H ) is even, therefore, @(p"") =2t for some integer fand ¢ =16k+9, for some integer k , therefore,
g =1 (mod 2) . Hence ¢*”" " =1 (mod 2)
Also, g.cd.(2,p"") =1, therefore, qﬂp”ﬂ‘) =1(mod2p"™).
As order of ¢ modulo p"is ¢(p""), therefore, #(p"") is the smallest integer for which (1) holds. Hence the order
of ¢ modulo 2p"" is ¢(p""). Similarly, the result holds for 4p" ", 8p"" and 16p"" .
Lemma 2.3. For 0<i<n-land 0<k<g(p"")-1, 2" (1+2sp”) #¢" (mod16p"") for 0<r<2andl<s<7

Equivalently, p'(1+2sp”) = p'q"* (mod16p").
Proof can be obtained using lemma 2.1 - 2.2.
Theorem 2.4. The g -cyclotomic cosets modulo 16p” are

Q, ={lp"} for 1=0,2,4,6,8,10,12,14;

Q. :{Sp",sp”q} ,for s=1LA, 1,v;
and gztpf = {tpjatijJ-'-a tpj ¢(P”7/)*1} ,fOI‘ 0< ] <n-1 s
t=1,2,48A=1+42p" 21,4, u=1+4p" 2u,v=1+6p",2v, y =1+8p",w =1+10p",
E=1+12p", 7 =1+14p".
Proof. €2, = {O} is trivial.
Since ¢ is odd prime of the form 16k+9, so g’ = l(m0d16), therefore, Sp"q2 =sp" (modSp”). Hence
Qsp" :{Sp »SP q}
Since g = l(mOdS) , therefore, Ip"q = Ip” (m0d16p” ) Hence le,, = {lp"} )

By lemma 22’ q¢(pnii) = 1(m0d16p’17i) s eCIUivalently, piq¢(pnii) = pi (m0d16pn ) .

Therefore, Qp" = {pi,piq’”"piq¢(PH)—1} )

Similarly, Q , = {tp’,tp'q,....,tp' ¢(p””')—1}.

p

International Journal of Statistilka and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 21 Issue 2 Page 14



Sheetal Chawla, Jagbir Singh, Rekha Devi

=2 for s=LA,u,v.

Obviously, |leﬂ =1for [=0,2,4, 6,8,10,12,14;|Qspﬂ
|Q¢p" | =d(p" Nfor 0< j<n—1,
1=1,2,4,8,A=1+2p" 20,40, u=1+4p" 2u,v =1+6p",2v, y =1+8p" .y =1+10p",
E=1+12p", 7 =1+14p".

n—1
QP,‘=Z¢(p"")=(/)(p")+¢(p”'1)+<0(p”‘2)+---+<0(p)=p"—1.

i=0
Hence [Q[+]Q, [+]Q, , [+]Q, , [+]Q  [+]Q , [+]Q, . |+]Q, . [+]Q, .|

n-1
2

i=0 {t—1,2,4,8,16,l,2/1,4l,u,Zﬂ,v,Zv,z,t//,f,T

n—1
Therefore, Z
i=0

+] sz“

+]1Q
up

+1Q
vp

| Qtp,. |} =8p".
Thus, it follows that these are the only distinct g - cyclotomic cosets modulo 16 p" .

PRIMITIVE IDEMPOTENTS

3.1 Notation. Throughout this paper, we assume that @ is al6 pn th root of unity in some extension field of /' . We
16p"-1

- z &'x" where &' = z a7 [3]. Also,
lop" = JjeQ,

denote 6 (x ) , the primitive idempotent in F' Cl()p” , given by 6.(x) =

s
denote Cy = Z x*.
seQ)g
3.2 Lemma. For any odd prime P and positive integer k , if O is a primitive P th root of unity and é/ 1S a primitive
k o . C . k
2 p" th root of unity in some extension field of F' . Let ¢ be a primitive root modulo p" , then

WL k=1
D, =
Szo 0 if k>1

o2 1 if k=1
and Z 4“" = 1.
o 0 if k>1.[6]
47)
3.3 Lemma. If p" =1(mod8), then (I+14p')q > =—(nudl6p').

A7) A7)
Proof. By lemma 2.1, ¢ * =-1(mod p"). Also, 1+14p" =1(mod p"). Therefore, (1+l4p”)q 2 =-I(modp").

A7)

Further, since p" =1(mod8). Also ¢ is of the form 16k +1, therefore qT is of the form 16s+1. Let p" =8k +1,

then (1+14p")q > =-1(mod16). But gcd(16,p")=1, thus (1+14p")q > =-1(mod16p")

3.4 Remark. In above lemma, we obtained “If p" =1(mod8), then—€2 =€ .
3.5 Lemma. For cyclotomic cosets 2 ML 0<j<n-I1,

(i) V’Q  =Q , =10
p p

i)y 7Q,=Q,=1QQ
14 p

vp!

Z'pj
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2 _ _
(iii) y4 Q J —ij —}(f)zpj.

p

Proof. (i) Since v> = (1+6p" ) =1+36p> +12p" =1+4p" (9p" +3).
As p" =1(mod4),so (9p" +3) = 0(mod4) and hence v* =1(mod16p").
Therefore, /12ij = Qp, . Also,

;LZij = {/’tzpj,/”tzqu,...,/”tzpfq¢(”"'j)‘l} - ;L{/Ipf,ﬂpfq,...,/lqu¢(pn_j)_l} =0

Thus, A°Q , =Q , =1Q .

P P’ Ap
Proof of remaining parts will go on similar lines.
3.6 Lemma. For 0< j<n—1,

(1) —szj =QZVP-.

(i) —Q, , =Q .

(iii) —Q 6p = QW

(iv) —Qlépj = Qlépj

Proof of these can be obtained easily by using lemma 3.3.

3.7 Lemma. For cyclotomic cosets Qsp,, for § =1,2,4,6,8,10,12,14, 4, 11,v

n Q.= ,.-Q =0 .

i Q. =0, .-Q =0 .0 =0 . -0 =Q,

lzpn s 10p” >

Apl

Proof. Since Qp”={pn,pnq},va”={Vpn,l/pnq}, and p"El(mod4) so let p"=4k'+1. Then

vp'q+p" :(Vq+1)p” :{8k+5+3p”q} 2p" and hence
vp'q=-p" (m0d16p”)

Hence the result follows.

3.8 Lemma. If ¥ =1,2,4,8,16, 4, 1,v, y,iwv,& or T thenfor 0< j<n—1,
Q. =Q  =16Q  [6]
p 16p p

3.9 Notations. Let @ be a fixed primitive 16p" th root of unity in some extension field of F' . For 0< j<n—1, we

define,  T=p' D, &' F=p' 3 o' Vi=p' 3 a'. X;=p ) o,

seQ) - seQ
p’ p/

seQ
ép

M, =p’ Z a’and Y, = p’ Z a’ . Then, T,,P,V,,R,,M Y eF.

seQ seQ) ;
4p/ 24pt

3.10 Lemma. For 0< j,i<n,

seQ
vp
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seQ) S‘EQ ; S‘EQ ; seQ N=o seQ seQ
v ! vp! up! e
0 if i+j>n
= $p's
=2 @t = .
up p
¢([7” _/)71 o(p"7 )71
i+ i i+t P
Proof. Let 6 = ” . Then, z al’ = al’’l = 57
serj =0 =0

Now consider the following cases:
Case 1.If i+ j > n, then & is 16" root of unity and

57 =67 iff ¢' = ¢" (mod16) iff  =r(mod?2).

Pls _ ¢(pn_j)i§q’ =0
25

Case2.If i+ j<n—1,then O is l6p””‘7"' th root of unity and
5111 :é‘qr iff ql Eqr(m0d16pn*i*j) iff ] Er(m0d¢(pn—i—j ))

Hence using lemma 3.2, Z a

seQ
P’

o(p )1 $(p )

Therefore, Z g ) ¢(p" f) Z 5¢ — i Z a’’? =L.p”j z at
seﬂpj ¢( " /) t=0 pj seﬂpiﬂ»
Since p Z a’ TH,- , therefore, z a?s = L/Ttu'
seQ serj

The proof of the following lemmas will go on similar lines as of the lemma 3.10.
3.11 Lemma. For 0< j<n-1,0<i<n,

z apLS:— Z alp’s: Z arp's:_z aTPLS:_ z (Z - _ Z al}’v

seQ seQ seQ seQ seQ

vl vpl v pl Q apl
0 if i+j2>n
_ Epls _
=— > a¥r =1 1 L
oo -—F,,; if i+j<n-1
vp p
3.12 Lemma. For 0< j,i<n,
0 if i+j>n
z a’ =— Z a*? = z aﬁ”i‘vz—z af? = 1 i,
seQ j seQ seQ __jl/iJrj lf l+.] < n-l
“p /ll’ zp P

3.13 Lemma. For 0< j,i<n,

z ap"s _ z alpis _ z a'//pis __ z a,/,ptq _ z a'’’t =— z arp"s — _ z a'’?’

SEQ}LPI SEQ}LPI SEQHI seQﬂl seQ SEQWI SEQ:PI
0 if i+j>n
_ Tp's _
= > a’ =1 1 L
o -—— V., if i+j<n-1
sp p

3.14 Lemma. For 0< j<n—-1,0<i<n-1,
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NSO seQ seQ) seQ seQ) seQ

Z P = z a’s = Z a”?t ={pt! if i+j=n-1
Q. Q . . .
* * 0 if i+j<n-1

wp! 8p/ 8p/

3.5Lemma. For 0< j<n-1,0<i<n-1,

16p's 2p's 4p's 16p's 16p's 16p's 16p's
Sae T et T At s T T e T S e
j s seQ
vp

SEQP/» SEQXPJ seQ‘”)/» SEQ/_L‘"/» seQ) o~ up)
#(p"’) ifi+jzn
— Z aléps — Z aléps — Z al()ps — _pn—j—l if l+] =n-1
SEQVPJ SEQSPJ SEQSPJ 0 lf i+ ] <n _1

3.16 Lemma. For 0<i<n,0< j<n-1,

i+

¢(p”’j)a2p‘ ifi+j>n,j<n

2 2y 2 2 2 it . . .
Za’”z—Za‘”:Za’”z—Za’”z 277 ifi+j>n,j=n
seQ[} ; SGQM, ; step ; step ; 1

—~ R, if i+j<n-1

3.17 Lemma. For 0< j<n-1,0<i<n-1,

Z a4p"s - _ Z a4p’s - _ Z a4pis — Z a4p’s — Z 6¥4p’s

ser/ SEQ@/ SEQW/ SEQ“/ SEQW/»
—j 4 pitJ . . . .
—¢(p”’)ap if i+j>2n,j<n
4l i i 4 pits . . . .
:—Za‘”:Zaf’”:—Zaf’”: 277 ifi+j>2n,j=n
SEQWP/ SEQM)/ SEQM)/ 1 )
—M,, if i+j<n-1
p
3.18 Lemma. For 0< j,i<n,
0 if i+j>n
Z ap"s — Z awp’s - _ Z al/p’s - _ Z arp"s — Z arp’s — 1 o '
seQ seQ seQ) seQ) seQ) ; J Yi+j lf l+] < n-l
22p7 2p/ 2p/ 2p/ 2 upt p

3.19 Theorem. The explicit expressions for the 167 + 9 primitive idempotents in FC 16, AT given by

1 — — — — — — — — — — — —
0,(x) = oy [Co+Cp +Capr +Capr +Cop +Csp +Crapr +Crzge +Ciayt +Copt +Coar +Cope
n—-1 __ _ _ _ _ _ _ _ _ _ _ _
+Z{Cpi +Cap +Cap +Cspi +Ci6p +Crp +Coip +Caspi +Crpi +Copp +Copi +Caypi
i=0

+C,p +Cyp +Cip +Cop }}
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_ 6vp2” —
25" 2a Cl4p”

L [y o= s s -
0, (;;):W[zco ~2y'C, , +2a"7"'C,_ -2C,  +2y"C,

n-1 . X .
J— pl C C - C - pl C - pl C - pl C
Z(; {27 C4p" +2C8p’ 2C16p" 2ﬂ Cup" 27 CMp" 2ﬂ CZVPi }J
1 = e = = = A AL _F "C
2p" (%) =16_"|:C0 —a” Cp —y" Cop =Cap +y” Copr +Cspr =y Cropr =Cropr +y” Cuapy
p
— on— o — 1=l i — i - - ~
+a™7 Copp + a7 Crpr —a®" Copr _Z{aﬁp Cp +y" Cop +Cap =Csp =Ciep
i=0

Nt —

Cvp —y" Cop

6+4p" ) p" — ) = A 60" T~ i ) 6+4p" |p
—a( ) C}vpl —}/p Cz;vp’ +C44p’ -a’t C/upl +}/p Czﬂp‘ +a( )

+a6pn+i Elp" _a(6+4p )p Ewp" _aﬁp"ﬂ' E{;p" +a(ﬁ+4p )P Ewi }:|

1 — y— — — — — — — — 0=
941,;1 (x)zm—n[Co —y? Cp —Cap +Cap —Cop +Cspr —Cropr +Crzpr —Crap —y" Copr
)4
— — n-l1 — — — — — — — —
+7/17 Cﬂp" _7/17 Cvp" _Z{yp Cpi +C2pi _C4pi _CSpi _CIGpi +}/p Clp[ +C2]vp[ _C4ﬂpi

i=0
+7’pi (_jﬂp" +(_jz#pi _7[7[ Zjwni +62vpi +7pi Ell’i _ypi (_j"’pi +7,Pi Eépi —}/”[ E'wi}:|
1

0617" (x) :W[EO _'Bpn EP" +7/p” EZP" _6417" _Vpn 661’" +68p" +7/p” EIOP" _612[7" _717” 61417"

n—l
21 2n 2 2n 2 2n i ) i ) - . - ) - )
4 ? C},p" +a ? Cﬂp” - P Cvp" - E {ﬁp Cp’ _7/[7 CZp’ +C4p’ _CSp‘ _Cl6pl
i=0

2+4pn pn+i— — pa— — i— 2+4pn pnﬂ'— —
a( ) Cip +y" Coap +Capp = B Cpf = 7" Copp —0{( ) Cop +7" Covp

+ﬁpi E}m‘ +a(2+4p I la//p‘ _ﬂpi Eép‘ _a(2+4p ) lei }:|

1 _ _ _ _ _ _ _ _ _ _ _
HSP’I(X):WI:CO —Cp" +C2p" +C4p" +C6p" +Csp" +C10p" +C12p" +C14p" —C,ip" —C;,p" —CVP"

n—

2

1
i=0

+C,p +Cyp +Crp +Crp }}

{C,,f —Cay —Cip —Cspy —Cioy +Cay —Caip —Cary +Cup —Caup +Copi — Cavy

1 = = = — y— — "= — =
n( )=16—n|:C0 +0!6p Cp" —}/p Czp” —C4p” +}/p Csp" +Cgp" —}/p C10p" —Clzp" +}/p C14p"
p

HlOp

n-1
6Ap™" [ 6p>" 6vp™ Z 6p"™ R R S
+a P Clp" —a P Cyp" +a P Cvp" + {Ot P Cp‘ _7/17 C2p' _C4p' +C8p' +C16pL
i=0

Ry p—

Cvpi +7/[7 C2vpi

6+4p" ) p" — ) i A 6" T~ i ) 6+4p" |p
—a( ) Clp’ +}/p Cup‘ —C4/1p’ -a’* Cﬂp’ —}/p Czﬂp‘ +Ol( )

+a6pn+i Elpi _a(6+4p )p E,Wp[ _a6pn+i Egpi +a(6+4p )P Erp[ }:|
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1 = — = — — — — — — n—
2 (%) =@[Co + 97 Cp —Cap +Cap —Csp +Cspr —Cirop +Crapr —Curapr —y” Cipr
_ _ n-1 o _ _ _ _ o _ _
+}/”" Cup —y" Cop +Z{7” Cp—Capy +Cay +Cspy +Crop —y" Capy —Crip +Casy
i=0

+7/pi Eﬂpi _EZﬂpi —}/piavpi _EZVpi +7pi Ell’i _}/Pi E"’pi +}/pi E{:pi _}/pi ETpi}:|

1 - n n-_ - n— - n— - n—
(%) =—n[Co + 07 Cy+y" Cop —Cap —y? Copr +Cspr + 7 Cropr —Crzp =y Crapr
P 16p

n-1
21 2n 2271_ 2 2n i ) i ) - ) _ ) - )
4@ Capp =@ Copp +@™" Cup + Y| "' Cy 47" Ca =Cat +Cst + Ci

i=0
2 4 1 2 J— j— p— j— jo— 2 4 n Ry p—
a( ) Cap =y" Coap =Cazy = 7 Crpp +y” Copy —06( ) Copy —y" C2VP
+ﬂpi67m" +a(2+4p )p C i _ﬂp Crf ' _a(2+41’ b Ewi }:|

1 — - - 602" = — g "=
0, (x):7[2c0 -2p"'C, . +2y"'C, , -2a""C,  -2C,  +2B"C, . -2y"C,

- P = P = — — i
+22""'C,, | z{zﬁpczp,.—zwqpﬁrzcgp,—2clsp,.+2ypc #28"'C,, }}

i=0

p [2C ~2y'C, , +2a*"C, -2C,  +2y"'C, -2a"""C,

{ y'C, +2C,, ~2C,  +2p"C, -2y"C, -28"C, }}

—_ &

0, (x)=l6p 26, +28"'C,, +27"C, , +22""'C, , -2C, , -2p"C, , -2¢"'C,,

n—1 — - | — P =
_2a6p C + { ﬂp C +2717 C _2C8pi +2C16p,. —27/" CMpi —2ﬂp Czﬂpi}:|

1 _ 1+6p" ) p" = i j 6+4p" )p"™ = —
0, (x)=—- ¢( "’)C —a( ) —a*'C. -y C ”+a( ) . =C.,
P’ 16p" 0 2 4 6p 8p
o o 2 = g A = v (=
+a?'C —yr'C, —a?'C, C,, C,.=C t+p{C,,
n—1
_C _ n-j apt 2p™ _ At _2pt A
Cl6p” "} ¢(p ) z {a C ot C C16 o Cz/l i C4/1p" szp"}
i=n—j
1 n—j-1 _ _ _ _ _ _
+— Z {Pzﬂcp" - Ylﬂczp' -M,, ap T Vie) ap R, 24p +M,, 42p

P
+X,,C +v,C, +T,C +R.C, -B,C, V. C -X,C +T.0C |

i+ vp i+j " 2vp i+ xp i+ yp! i+ g pt i+j
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1 s aim
0, ()= [ B N0 C, 17T, e

Zﬂp"”
4" 6,1+C +a”t
—-C_,—y"'C, , -p"C, ,+a*"'C  +y"C \+p7tiC .. -C
12p" 14pn ﬂpn #pn Vpn 4pn—/—1 Spn—/—l
n—1

_— _— _ n—j 4pi+/‘— - _— _— sz/—
Clsp"'/" Cup”‘f‘l} ¢(p )Z{a Cz,;‘ +C4pi CSpi Clsp‘ ta C

ip'

]
3
|
~

+a*’'C_  +C  +a*’'C. +a*'C +C +a?'C WC }
2Ap vp 2vp

{ch +M,C, +R,C, +M,C, Y C +M,C, +R
up

i+j 21 i+j 2#pf+ i+ ]

i+ —

~ 4p™ ~ 4p™ = 4p
. —a ) —at C +a? C
up' 2up vp 2vp vp z

i

= i 1 "t _ _
+a4”C,.—a4”C,.}——§{MC MC+MC.MC+MC
ép Tp J

p i+ ap P i+j fo i+j pr
i=0
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! N e
00 () =T 4(p){Ci-a'C, - pr'C, +y"'C, . ~a""C, - C

P~ _ P 6p™ = vp"ti = — _ Ap™i = n—-j-1 | ~
+p Cop 7" Cta? C  +a” C  +C . —a C(tp C,

2p 4p

Cpoponj=#(p) 2 {aC, ~a""'C, +C, ,-C,  +a""'C,, —a"C, |
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4(r) § fa"C, 4T, T, ~a¥'C, 4T, +a""T, +a*'C
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1 n—j-1 _ _ _ _ _ _
_pj ;Z(; {Plﬂcp‘ +Y., 25 +M, 4p +Vi, ip' - R, 24p -M,, 4ap
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_ —J Ap 2Ap _ p’ 61p _ _ 2Ap
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i=n—j
n—j-1
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_pj Z; {chpl _YHJCzpl +Mf+./ 4p _THJC/Ip' _Ri+j 24p' +Mi+./ 4ap' Pz+. Cﬂp
i
+Yi+jC2/1p’ + I/"+./‘Cvp’ +R"+.I‘C2vp' _Xi+./CZ ! TL*IC +PI+IC i*./‘Cz'p':|
(x)=——[¢(p){Cr+a”"C, +5"C, +y"C, +a*"C, -C, -p"C
p) = 16p" p 0 o 20 V4 4p 10"
_ P _ 6p" ~ vj = up™i = vp"ti = nej-1 ~
y'C, . —a""'C, +a"’'C,  +a""'C  +a cvp”}+ pC,

.. N+o(p) S (e T, +a*C, ~C, +C, ~a""C, -a"C, |

2p' 4p' 8p' 16p' 4Ap' 2up

+— 2 1,,C, +R,,C, +M,C, -X,C, +Y C,  —M,

j i+j i+j " 4p

P ico
-v,C,  -R,C, -PC -Y. C -T.C +X,C +V C +PC ]
up vp

i+j P i+ i+j T 2vp i+j it i+j i+j

where S is 2" 4 root of unity and y is 4™ root of unity in some extension ﬁeld of F. Further, T,P.,V,,R;,M Y, can

be obtained by using the relations va/ ( ) =1 and 6 ( ) 0, s#t.
Proof. By definition,
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Gs(x):L[eg(_?0+gann+gs C . +& C +&
16p" v

s s
P 2p" T 2p 4p" " 4p" 6p" 6p" 8p" ~8p" 10p" ~10p"
+& C_ . +¢& +& +&’ +¢&' ,C +Z gC. +e C ,+¢& ,C
12p" "12p” 14p" "14p” Ap" T Ap" up" " up” vp" Tvp" 4 = por 2p' T2p! 4p' "4p'
i
+&’ +& +&  C . +& C ,+& C ,+¢& C ,+¢& +& C
8p' "8p l6p' ~16p' Apt T Ap 24p" T22p' 4ipt A’ upt up' 2up’ " 2up' vp' Tvp

+&' C  +¢& C +& C +& C  +& C f}
2vp' “2vp xr. xp wp  wp ' Sp pTp
For s=0, & = z o’ =a"’ =1 and hence expression for 6,(x) is obtained.

s€Q

Remaining expressions can be obtained by using lemma 3.5 — 3.8 and lemma 3.10 -3.18.
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