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Abstract: A theoretical solution for an oscillatory flow of an
electrically conducting, viscous, incompressible visco-elastic fluid
is  obtained without neglecting Hall current. The
magnetohydrodynamic (MHD) flow is bounded by two infinite
horizontal plates filled with porous medium. The fluid is injected
with constant velocity through the lower stationary plate and the
upper plate is subjected to the same constant suction velocity. The
effects of Hall current and Hartmann numbers on velocity profile
and shear stress for different values of the visco-elastic parameter
with the combination of the other flow parameters are illustrated
graphically and physical aspects of the problem are discussed.
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1. Introduction

The study of flows through porous medium have
stimulated considerable interest due its applications in
the fields of agricultural engineering for irrigation
processes; in petroleum technology to study petroleum
transport; in chemical engineering for filtration and
purification processes. Raptis [1] investigated the
unsteady two-dimensional flow through a porous
medium bounded by an infinite porous plate subjected to
a constant suction and variable temperature. Further,
Raptis and Perdikis [2] studied the problem of free
convective flow through a porous medium bounded by a
vertical porous plate with constant suction when the free
stream velocity oscillates in time about a constant mean
value. Singh et al. [3] investigated the problem of heat
transfer in three dimensional flow through a porous
medium with periodic permeability. Singh and Verma
[4] studied further the three dimensional oscillatory flow
through a porous medium where the free stream velocity
oscillates in time about a non-zero constant mean. Singh
et al. [5] studied the effect of permeability variation on
the heat transfer and three dimensional flow through a
highly porous medium bounded by an infinite porous
plate with constant suction. Attia [6] studied the Hall
current effect on the velocity and temperature fields of
an unsteady Hartmann number. Singh and Mathew [7]
studied the injection/suction effect on a hydromagnetic
oscillatory flow in a horizontal porous channel in a
rotating system. Choudhury and Das [8] extended the
problem studied by Singh and Mathew [7] to the case of
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visco-elastic fluid. Singh and Kumar [9] investigated the
problem of on oscillatory MHD flow through a porous
medium bounded by rotating porous channel in the
presence of Hall current. The aim of the present
investigation is to study the effect of the Hall current on
the visco-elastic fluid flow when the porous horizontal
channel filled with a porous medium is rotating about an
axis normal to the planes of the plates.

2. Mathematical Analysis

Consider an unsteady oscillatory flow of an electrically
conducting visco-elastic, incompressible second order
fluid through a porous medium bounded between two
insulated infinite parallel porous plates distance d apart.

The fluid is injected with constant velocity w, through
the lower stationary plate and is being sucked with the
same velocity w, through the upper plate which is

oscillating in its own plane with a velocity U (¢")
about a non-zero constant mean velocity U, . A
coordinate system is taken with the origin at the lower
stationary plate lying in x - y*plane and X -axis
parallel to the direction of motion of the upper plate. The

Z  -axis taken perpendicular to the planes of the plates,
is the axis of the rotation about which the entire system
is rotating with constant angular velocityQ". A strong
magnetic field of uniform strength H, is applied along

Z - axis. The magnetic Reynolds number is considered
to be small so that the induced magnetic field is
neglected. Since the plates are infinite in extent, all the
physical quantities except the pressure depend only on

Z and ¢ for this fully developed laminar flow.

The constitutive equation for the incompressible second
order fluid is of the form

0 =—pl + WA + 1, A, + 115 (A)’ M
(n=1, 2) are the

where O is the stress tensor, An

kinematic Rivlin-Ericksen tensors; i, ,U,, U, are the

material coefficients describing the viscosity, elasticity
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and  cross-viscosity The  material

coefficients i, i, , /4, are taken constants with £, and

respectively.

M, as positive and f,as negative (Coleman and

Markovitz [10]). The equation (1) was derived by
Coleman and Noll [11] from that of the simple fluids by
assuming that stress is more sensitive to the recent
deformation than to the deformation that occurred in the
distant past.

Denoting the velocity components u ,v ,w in the

x R y* s z directions, the continuity

*

respectively,

. w . . . %
equation =0 gives on integration w = wo and

%
solenoidal relation for the magnetic field V.H =0
gives H : = H j (constant) everywhere in the flow field.

The physical configuration of the problem is shown in
Figure 1.
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Figurel: Physical configuration of the problem.

The equation of conservation of electric charge
- *
V.J =0 gives J,=constant. This constant is zero i.e.

J : =0 at the plates which are electrically non-

conducting. Taking Hall current into account the
generalized Ohm’s law (Cowling [12]) is of the form

- - - - s
J+a;_eITEJ><H:6(E+,ueV><H], @)
0

- -
where V' is the velocity vector, H is the magnetic field,

— -
J is the current density, E is the electric field, 0 is the

electric conductivity, /l,is the magnetic permeability,
@, is the cyclotron frequency and 7,is the electron
collision time.
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For the x* and y* components of Ohm’s law (2), for
large magnetic field, which include Hall current, are

* * * *
Syt w7, J =G(Ex + U Hpyv )
Jy+@,7,Jy =0\Ey —p.Hou )

Since the external electric field arising due to
polarization of charges is negligible.

k
Hence Ei = E; =0. Therefore, solving for J ¢ and

J

*

y o we get

Ji = FeHome +3) ang o opeHotm )
' A+m?) ' (1+m?)

Under the above assumptions, the governing equations
for the flow, in presence of Hall current, are as follows:

ou” ou” 1 ap* %" %"
W=+t 2 ) 2 . +
ot 0z P ox R o o
3% oH2(mv" —u") *
wo—— +20"" +0—2—v1 u—* &)
97 pd+m”) k
' ' 1 ap* %" PR
m +wo P - +V 2 +Vy 2 . +
ot 0z P dy oz o o
3* « 6[—12(mu* v *
Woa V’; —ZQ‘M*—io 3 )_VIVT S
az** pl+m=) k

where V; = &, i =1,2 are the kinematic viscosity,

* .
t is the time, pis the density, p is the pressure

and kis the permeability of the porous medium,
m = ®,7, is the Hall parameter.
The boundary conditions for the problem are

*

u =v*=0,w*=w0 at Z*=0,

ES ES ko ES ES
u =U (t)=Uy(l+éecosm t ),v =0,w =w; at
7 =d )
where @' is the frequency of oscillations, Uy is the

mean velocity and &
constant.

Eliminating the pressure gradient, under the usual
boundary layer approximations, equations (3) and (4)
reduces to

is a very small positive

up +woll, =Vii,, +U,; +2Q v +Vy (Wl 5 +15y)
(6)

oHZm —u"+U)
Loy —uw +U ) vy

-Lw"-u"
o

p(+m?)

Ve Fwov, =Viv,, —2Q (u -U )
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+Vo(WoVyyz +vzzt)+OH0(mu +v —mU")

p+m?)
v 7
Introducing the following non-dimensional
quantities
u % % d
n:Z—,t:m*t*, u=—— y=—— Q=" the
d UO UO V1

2

rotation parameter, ®=® —, the frequency
Vi

0 d N :
parameter, § = is the injection/suction
Vi

k
parameter, k = F is the permeability parameter,

M =Hyd \F is the Hartmann number, and
U

U = Ui into the equations (6) and (7), we get
0
sV

2
Uy + Sy =Upy + (DUf+ZQV+d_2M777777
ey +M2(mv—u+v)_u—U 8)
a2 (1+m?) k

sV
vy + 8V =Vpp —2.Q(u—U)+—22V,m,7
d

+L22Vﬂm+M2(mv—u+v)_X 9)
d (1+m?) k

subject to boundary conditions

u=v=0 at 7 =0, (10)

u=U()=1+¢&cost,v=0 at 7 =1

Equations (8) and (9) can now be combined into a
single equation, by introducing the complex function
g=u+iv, as

qg-U

OGr T4y = dpy +OUs = a(sdpn
+C]7]7]t)_/1(q_U), (11)
subject to the boundary conditions
g=0 a =0
q:U(t):1+§(e"+e_") at =1 (12)

where & = ,U22 , the visco-elastic parameter and

2 .
§=|20i+ M 0xm 1]
(+m?) &
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3. Solution of the problem

In order to solve equation (11) subject to the
boundary conditions (12), we look for a solution of
the form

q(n.t)=q,(m+ g{ql (me" +q, (ﬂ)e”"} (13)

Substituting (13) into the equations (11) and (12)
and comparing the harmonic  and non-harmonic
terms, we get

asqq +4q0 —sq0 —Ago =4 . (14)
asql+(ia+1)g] —sq; —(A+io)g =—(A+iw) (15)
asqy+(—ia+)g5 —sqy —(A—i@)qy = —(2-iw)  (16)
where primes denote differentiation with respect
tor7).

The corresponding transformed boundary conditions
are

9 =9=9,=0 at
qo:q1:q2:1 at 77=1 a7
To solve the equations (14) to (16) under boundary

conditions (17), we consider very small value of non-
Newtonian parameter & , and substituting

%(77) = QQ()(”)+ aq, + 0(052) s
q,(m) =q,(M+agq, +0(a'2) >

a4, (1) = g5 (M) + € g3 +0(&”) (18)
into equations (14) to (16) and boundary conditions
(18) up to first order of & and equating the
coefficients of like powers of &, we obtain the
following sets of ordinary differential equations and
corresponding boundary conditions:

400 = Sq00 — 4400 =—4 } (19)
5400 + 401 — 5901 — Aq01 =0
with
q00 =901=0 at 7=0, (20)
q00 =1, qo1 =0 at 77=1
10 = 5410 —(/1+ia))q10 =—(A+iw) } 3N
sqio +iqfo +af1 —sqi1 —(A+i®)g =0
with
q0=0,¢9,=0 at 7=0, (22)
qo=L¢g,=0 at n=1
450 = s¢50 —(A—i@)gr0 =~(1-iw) } 23)
5450 ~i 450 + 451~ $q51 ~ (A ~i@)g2 =0
with
9% =0,9,,=0 at n=0, (24)
4 =1q, =0 at p=1

Solving the equations (19), (21), (23) under the
boundary conditions (20), (22), (24) respectively and
substituting these values in (18), we get the solutions
for velocity. The solutions and constants of the
differential equations are obtained but not presented
here for the sake of brevity.
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4. Results and discussion
Now for the resultant velocities and the shear stress
of the steady and unsteady flow, we write

ug(m+ivo(n) =qo(n) (25)
and
uy (1) +ivi () = (e + gy (e (26)

The steady part consists of u,as the primary and

vpas the secondary velocity components. The

amplitude and phase difference due to these primary
and secondary velocities for the steady flow are given
by

Ro=\ud 2 . 6 (] @
Figures 2 and 3 depict the resultant velocity R, for
the steady and unsteady part of the flow against 7] to
observe the visco-elastic effects for the various values
of Hall current (m) and Hartmann number (7). It is
observed from figures 2 and 3 that both R, and

R, increase rapidly
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Figure 2: Variation of resultant velocity RO against T) with
s=03, Q=1, k=0.2.
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Figure 3: Variation of resultant velocity R| against 5 with
s=03, Q=1, k=02, w=5.
from zero near the stationary plate for Newtonian
(o =0)as well as non-Newtonian (¢ =-0.05, —0.1)
cases. It is evident from the Figures 2 and 3 that both
Ry and R;increase with the increase of Hartmann
number (M )for both Newtonian and non-Newtonian
cases. But these results decrease with the increase

with the increase of Hall current (m1).

The amplitude and the phase difference of the
shear stress at the stationary plate(y=0) for the

steady flow can be obtained as,

_if Toy
To, =+[Tor + Ty - 90,=tanl(T’J
0

X

where
N
a 7=0

2 2
Tox = duy +a coa . +sL %o ’
on anot an? o
77:

Ty, = aﬁ+0{ mazvo +sazvo 29
| an onor o’ -

Here 7, and 7,,are, respectively, the shear

stresses at the stationary plate due to the primary and the
secondary velocity components.

Table 1: Values of 7,, and 00rf0r various values of m;, M with
Q=8,5=03k=02.
Case m M o (0 90,

r

0 2.7482 0.7864
I 1 2 -0.05 3.4562 0.6842
-0.10 | 4.2684 0.5678

0 2.5684 0.8997
I 2 1 -0.05 3.2772 0.8224
-0.10 | 4.1282 0.7826

0 4.1226 0.6422
I 4 1 -0.05 6.2254 0.5864
-0.10 8.7265 0.5216

Table 1 exhibits the effects of the visco-elastic
parameter qon the amplitude 7(,and the phase
difference @, of the shear stress at the stationary plate
(n=0) for the steady part of the flow with the
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combination of the other flow parameters M and m. It
is observed from the table 1 that the values of

T(, increase but g, decrease with the increasing values
of the non-Newtonian parameter (g =0,-0.05,—0.1).
This table shows that 7y, increase with the increase of
Hartmann number ()/) but decrease with the increase
of Hall current (m) for both Newtonian as well as non-
Newtonian cases.

The solutions of g; and g, together give the unsteady

part of the flow. The unsteady primary and secondary
velocity components i, (77)and v, (7), respectively, for

the fluctuating flow can be obtained as

w(n,t) = {Real q1(n) +Real gy (n)}cost — {Imql )

—Img, (77)}sint (30
v (77,1) = {Real ¢ (17) —Real g5 (17)}sin ¢
+{Im g (1) + Im g, (1)) }cos 31)

The resultant velocity or amplitude and the phase
difference of the unsteady flow are given by
R =, ”12 +v12 , 6, =tan”! [:—11]
For the unsteady part of the flow, the amplitude and
phase difference of shear stresses at the stationary plate
(n =0) can be obtained as

Ty + 7T —[%] +i[aij
Lx ly an =0 an =0

which gives

T
_ 2 2 _ —1f fy
T, =47, +7, .6, =tan [ J

Tix

(32)

(33)

(34)

Table 2: Values of 7 1r and €1r for various values of m, M with
Q=8,5s=03,k=0.2.

Case | m | M o T1r 91 r
0 1.6412 0.5262
1 1 2 -0.05 3.8926 0.4721
-0.10 6.2542 0.3946
0 1.5864 0.5987
11 2 1 -0.05 3.1225 0.5678
-0.10 5.8462 0.4996
0 2.5778 0.4884
I 4 1 -0.05 7.8892 0.4263
-0.10 10.7884 0.3692

The amplitude 71, and phase difference @;, of the
unsteady shear stresses at the stationary plate
(n =0)have been listed in Table 2. It is observed from
the Table 2 that the values of 7y, decrease with the

increase of Hall current (m). But 7j, increase with the
increase of Hartmann number (A1) for both Newtonian as

well as non-Newtonian cases. The phase difference
6, increase with the increase of m , but decrease with

the increase of M for both Newtonian and non-
Newtonian cases.
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