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Abstract: In this paper we introduce and study three different
notions via ideals namely g-local function, the set operator ‘¥,
and g-compatibility of t with I. We characterize these new sorts.
Several properties of them have been studied and their
relationships with other types of similar operators are also
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1. Introduction

Ideals topological spaces have been first introduced by
K. Kuratowski[2] in 1930.Vaidyanathaswamy [4]
introduced local function in 1945 and defined a
topology t. In this paper we introduce and study three
different notions via ideals namely g-local function, the
set operator ¥, , and g-compatibility of T with I and
investigate their relationships with other types of
similar operators .

2. Preliminaries

Let (X,7) be a topological space and A < X . We
denote closure of A and interior of A by cl(A)

and int(A) respectively.

Definition 2.1: A set A in a topological space (X, T) is
said to be a generalized closed set (briefly g-closed)[3]
if cl(A) c[1U whenever A c[U and U is open in (X,

7).
T)he class of g - open set in X will be denoted by
GO(X 7).
Definition.2.3[2] An ideal [ on a non empty set X is
a collection of subsets of X which satisfies the
following properties:(i)Ae I, Be I = AuBel
(iAel, Bc A = Bel _ A topological
space (X,7) with an ideal I on X is called an ideal
topological space and is denoted by (X,7,I). Let ¥
be a subset of X . [, ={IﬁY/Ie I} is an ideal on
Y and by (Y,T/Y,IY) we denote the ideal
topological subspace. Let P(X) be the power set of
X , then a set operator ( )*: P(X) — P(X) called the
local function [7] of A with respect to 7 and [ is
defined as follows:For Ac X,
A (I,7)= {xe X/UNAg I for every open set U

International Journal of Statistiika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 6 Issue 1

containing x} We simply write A’ instead of

A"(I1,7) in case there is no confusion. A Kuratowski

closure operator ¢I”( ) for a topology 7 (I,7), called
the 7*- topology is defined by cl (A)=AUA". A
set operator W(I,7):P(X)— P(X)is defined as
follows: For any A< X ,w(I,7)(A) ={xe X such
that there exists open set U such that U —Ae [ } I

is said to be compatible with 7, denoted by [ ~ eT if
the following holds: for A < X , if for every x€ A
there exists open set U such that U M A€ [ then
Ael.

3. g-Local function
In this section we introduce new class of the set

operator  ( )Kg using g-neighbourhood and discuss
various properties.
Definition 3.1: Given an ideal space (X,7,[), a set

operator ( )¢ : P(X) — P(X), called the

g-local function of I with respect to 7 is defined as
follows.

For AcCX,A*(I,7)={xe X/U ,NAgl for
every U € GN (x)} when there is no ambiguity,

we will simply write A ¢(I)or (A)®instead of
A*(,7).

cl™® (A) is defined as AU (A)"* (1)

Theorem 3.2: Let (X,7,l)be an ideal topological
spaceand A,B C X .

Then the following statements hold.

1.0 =¢, ACB=A CB® and E* =¢ if
Eel

2. For another ideal J,I = J = A*(J)c A™(I)

3. A" C gel(A) c cl(A)
4 (A ) cay
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5. (ANB)® C(A)¢ N (B)®
6. (AUB)* 2 A UB™®

7. (A =gcl(A)* ccl(Ad) if X1 is g

multiplicative.
8.If Ec I then (AUE)* =A® =(A\E)®
9 If Uert then

U ﬁ(A)*g =UNU ﬁA)*g cU ﬁA)*g
Proof:
(1) and (2) are obvious by definition of g-local function.

(3) xe A" implies ANUegI for every
UeGN(x) impliess ANU#¢ for every
U e GN(x)

implies x € gcl(A).
4) (A*g )*g = {xe X/U, N(A)® ¢l for every
U, e GN(x)}
cixe X/U NAel  for
U, e GN(x)}
= ()" .
(5) and (6) follow from (1)
(7) If xe X \(A)® then there exists U € GO(X)

such that ANU € I and this implies U < X \ (A) .

every

Therefore X —(A) is the union of g-open sets and
hence it is g-open. So (A)™is g-closed. Therefore
(A)¢ = gcl(A)™® < gel(gel(A)) = gel(A) (since
(X,7) is g-multiplicative, gcl(A) is g-closed). But
gcl(A) c cl(A). Hence A" is a g-closed sub set of
cl(A).

(8) A—E C A implies (A—E)® C A™ (A)
Let x€ A™ . Suppose x& (A\ E)"®, then there exists
U.e GN(x)suchthat U N(A\E)e I.

Then EU[U,N(A\E)]eI. This implies that
EUlU NnA]lel.So,U,N"Ael whichisa

contradiction to the fact that xe A'S. So,

A C(A\E) " ——(B)

From (A) and (B) we get (A\E)™® =A™ when
Eel.

@O Let Uetr, xe UN(A)*and U, be a g-open set
containing X. Then U NU , € GO(X) and

U . NnNU)NAg I which proves

xe (UNA)™ Therefore U N(A)* < (UNA)*.

hence

So
UNnA)*=UNnUnA)*)cUNUNA)S-
------- N

On the otherhand, UNACA implies
UNA* A

Therefore UN U NA™*) cU N(A)® —omeeeev
--(B)

From (A) and(B) it follows that

UnNA)*=UNnUnNA*
Remark 3.3: In general (AUB)¢ #A™ UB™® and

(ANB)™® # A N B as seen from examples (3.4)

and (3.5).
Example 3.4: Consider Z with cofinite topology and /
= {o}. A = {0,1,23,........} and B = {0,-1, -2, -

3, }. Then A® = X = B® and
A¥NB*=X. But AN B={0}and
(ANB)*® ={0}. Therefore

(ANB)* £A* NB®.

Example 3.5: Let X ={a,b,c} and
T ={{a},{a,c}}.Let A={a}and B={b}. The
(AUB)® #A™ UB™®,since A* =@, B'® ={b)}
and (AUB)™® = @.

Remark 3.6: In the ideal space (X,7,[)because
cl’*(AUB) #cl™* (A)Ucl ™ (B) in general, we
are not able to define a topology using the operator

cl™ () . To define a topology we need the following

definitions.
Definition 3.7: An ideal space (X,7,I) said to be

i=1
every finite positive integer n.

*g
2. *g— additive if {UA,J} =J@A,)* for

aeQ aeQ

n *g n
1.* g — finitely additive if {U Al} =J@) for
i=1

every indexing set Q.

3. *g— finitely multiplicative if

n *g n

{n A,} = m[Ai I®  for every finite positive
i=1 i=1

integer n.

4. * g — multiplicative ifLﬁ Aarg = N[A,]* for

€Q aeQ

every indexing set €.
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Remark 3.8:
1. Every * g — additive (resp * g — multiplicative)
space is * g — finitely additive (resp * g — finitely
multiplicative).
2. Ac el (A)
3.Ifis * g — finitely additive then

@ cl*(AUB)=cl*(A)ucl™®(B) and

(b) cl¢ (cl™* (A) =cl™® (A).
Therefore in a * g — finitely additive space, ¢l ()
satisfies Kuratowski closure axioms.
Definition 3.9: Let (X,7z,I)be a *g— finitely
additive space. If a * g —closed set A is defined to
be one for which ¢l "®(A)= A, then the class of all
complements of such sets is a topology on X
denoted by 7"¢, whose closure operation is given as
¥ (A)=AuU(A)*.
Example 3.10: Let (X,7)be an infinite cofinite

topological space and [ =¢.In this space
GC(X)={p,X,A/Ais finite } and
GOX)={p, X,Al A is finite }and
A =gcl(A)=A if Ais finite  and

A" = gcl(A) = X if Ais infinite. Then (X,7)is *g
— multiplicative but not *g — countably additive and g —
additive.

Example 3.11: Let (X,7)be an indiscrete topological
space and/ ={AcC X/p¢& A}and GOX) = ({all
subsets}. A™® = {plif pe Aand@if p¢ A.Since
cl’f*(A)=AUA™ =Afor all Ac X 77¢ ={all
subsets). Then (X,7)is *g — multiplicative, *g —
finitely multiplicative, *g — countably multiplicative, *g
— additive, *g — countably additive, and *g — finitely
additive.

Example 3.12: Let (X,7)be an indiscrete topological

xo€ X, I={@,{x,}}and GO(X) = ({all
subsets}. A" = Aifx, € Aand A —{x, }if x, € A.
Since cl*(A)=AUA™® =Aand hencer ™ ={all
subsets). Then (X,7)is *g — multiplicative, *g —
finitely multiplicative, *g — countably multiplicative, *g
— additive, *g — countably additive, and *g — finitely
additive.

Remark 3.13: In a * g — finitely additive space,

(X,z,1),
M ¥ ={Ac X/ (X - A) =X - A}

@ cl™® ccl"(A)ccl(A) andhence T 7 <7 °¢

space,
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Thus a new topology 7 ¢ is defined in a * g — finitely
additive ideal space (X,7,[) with the help of g-local

function and this topology is finer than T'- topology.
Theorem 3.14: Let (X,7,I)be an ideal space. For

A C X, we have the following results.

1If  I={¢} then A" =gcl(A) and
cl’* (A) = gcl(A).

2If I=P(X) then A =¢ and cl (A)=A.
Proof: Obvious from the definition of (A)"®

Remark 3.16: In a * g — finitely additive space
(X,z,I) with [ = P(X), T'¢ is the discrete
topology since every subset is * g —open and * g —

closed.
Theorem 3.17: If I and J are two ideals in a * g —

finitely additive space such that I < J .
Then 7 5(I) 7 4(J).
Proof: Let A be closed in 7 ¢ (I) topology
IcJ =A%) A*).
Therefore cl,* (A) < cl,* (A)
Then Accl,®(A)ccl,*(A)=A which proves
A ccl,®(A) and so A is closed in ().

Definition 3.18: A subset A in an ideal space
(X,7,I)is said to be

1. * g —dense subset in X if ¢/ ¢ (A) = X

2. % g —perfect if A® = A,

3. % g —closedin X if ¢/ *(A)=A

Theorem 3.19: In a * g — finitely additive ideal space
(X,7,I) the following are equivalent

L.Wer™

2. X =W is 7°%-closed

3.(X-W)* c(X-W)

4 WX —(X\W)*

Proof: Obvious.

4. The set operator v (1,7)

Definition 4.1: Let (X,7,/) be an ideal space. A set
operator ¥/, (I,7): P(X) > P(X)is

defined as follows.

Forany AC X .y, (I,7)(A) = (x€ X /there exists
U e GN(x) suchthat U — Ae I}.
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Remark 4.2:

1.0bviously xe y, (I,7)(A) if
x¢& (A°)"® . Therefore y,(,7)(A) =
2.We denote ¥, (I,7)
ambiguity is present.
3.9(A) cy,(B)

4 YA cy, (B)

Theorem 4.3:For a subset A in an ideal space
(X,7,1) the following results are true.

LIf I ={g} then ¥, (A) = gint(A).
2If I =P(X) then ¥, (A) =

and only if
X\(X\A)"™

simply by ¥, when no

Proof:

1.

W, (A)=X\(X\A)® = X \gcl(X \A) = gint(A)
.Y, (A=X\(X\A)*=X-9p=X

The following theorem gives many basic and useful
facts for the operator ¥/, .

Theorem 4.4: Let A and B subsets in an ideal space
(X,z,1).

LI AC B then ¥, (A)C ¥, (B).

2., (ANB) Cy, (A Ny, (B) .
Proof:

3. By (2 v, (A)e ¢  and  hence
V(A W, A) by (1),
4

W, (AVE)= X \[(X \(A\E)]* = X \[(X \A) U ET™
=X \[X\A]"* =y (A).(by thm (4.3))
W, (AUE)=X\[X\(AUE)]®
=X \[(X\A)\E]* =X \[X\A]® =y (A).
5.If Ae GO(X) then X \ A is g-closed. Therefore
(X \A)® c gcl(X \A)=(X \ A) and this
implies A is * g — open. Soby (1) Ac ¥, (A).
6. Follows from (5) since 7 € GO(X).
7Let AAB=EFE and B\A=H .Then EUH e ]

implies E and H are in 1.

By (@) B =(A\E)uU H implies

v, (A) =y, (A\E) .=y, [(A\E)U H] (since

Hel) =y, (B).

Definition 4.6:In an ideal space (X,7,I) , we say two

subsets A and B are congruent modulo I

(in notation A= Bmod/l)if (A\B)U(B\A)e I.

Obviously “ =mod/ ” is an equivalence relation.

Theorem 4.7 Let A and B are two subsets in * g —
ideal

f X, f
LACB=X\BC X\A= (X \B)* C(X\A)* :z?le%%(\AdgltWX\(X\B)éSpaclgy ALy ZBI)

2. Follows from 1.
Theorem 4.5: Let (X,7,I) be a *g— (finitely
additive space. Then

1.LIfU € ¢ then U gl//g(U) )

2. Forevery A € X , then v, (Aer.

3.Forevery AC X ,then ¥, (A) Cc ¥, (Y, (A)).

4. For every AcCcX and FEel
Yy, (A\E)=vy (A) =y, (AVE).

5.1f Ae GO(X) then ACy,(A).

6.1f A€ 7 then ACy,(A).

7.1f (ANB)U(B\A)e I then ¥, (A) =y, (B).
Proof:

1. Uet®=(X\U)*cX\U.

w,U)=X\(X\U)*2U.

2.By theorem (3.2), (X —A)™¢ is g- closed. Therefore

(X \A) 1 gcl(X VA =(X\A)®
Therefore (X \A)™® is *g— closed and hence

v, (A=X\(X\A)*er*,

then

Then

I then (A) =y (B

Proof:
It follows from definition of A = B(mod /) and by
(10) of theorem (4.5).

5. g-compatability of 7 with
Definition 5.1 Given a space (X ,7,I),[ is said to be

g-compatible with 7, denoted by [/ i 7 if the following
holds: for A < X , if for every x € A there exists

Ue GN(x)suchthat U MAe€ Ithen Ae I .
Remark 5.2

Since 7 <€ GO(x), IiT:> I~7

The following example shows the existence of this
compatibility.

Example 5.3 Let (X, 7)be an indiscrete space,

8
pe Xand I ={Ac X/pe A}.Inthis space [ ~7

Theorem 5.4 If (X, 7,1) is a *g-finitely additive ideal
space then the following are equivalent.

g
M I~7
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(2) If A has a cover of g-open set each of whose
intersections with Aisin [ then Aisin I .

(3)Forevery AC X,ANA® =¢g= Ae |
(4)Forevery AC X,A\A® eI

(5) For every 7 ¢ -closed subset A, A — Atel
(6) For every A € X , if A contains no non-empty
subset B < B¢ then A€ I.

Proof: (1) = (2) Let 1 : Tand A = UA where each
A is g-openand AN A, € I . Then by definition
Ae l

(2)= 3)for AC X Let ANA™ = ¢ Soif

x€ Athen xg A"

Therefore there exists U . € GN(x) such hat
U,NAe I .Then {U, /xe A}isan open cover for
Aand U _NAe lhence Ae .

(3) = (4)Let xe A— A™®. Suppose

xe (A—A™)" then for every

U e GN(x),U N"(A—A"¢)¢ I This implies

U N Ag I which implies x& A" which is a
contradiction.

A(A=A)N(A-A")"® = gand hence
A—-A"* e Iby(3).

(4) = (5) proof is obvious.

(5) = (1) Let A C X and for every x € Athere
exists U € GN (x)such that U M A€ I .Then
ANA™ =¢.

Since (X,7,1) is *g-finitely additive ,

By (6) AN A™® = ¢ and this implies

A=A-A"% eI (Since (4) = (5).)

(6) = (4).Let A C X .since
(A—A)N(A—A%)" = ¢ we have
(A—A"®)e I by (6).

Theorem 5.5 Let (X, 7, ) be an ideal space. Then
IiZ' ifand only if ,(A)—Ae I forall AC X.

8
Proof: Necessity: Assume that [ ~7 Let AC X

s

xey,(A)— A Then x¢ A.and there exists

U, e GN(x)suchthat U, — A€ I .Therefore for
each xe ¥, (A) — A there exists U . € GN(x) such
that U, N (¥, (A)— A) € I.This implies

v, (A)—-Ael.

Sufficiency: Let A € X and for each x € A there
exists U € GN(x) 35U M Ae I By definition of

W, (AW, (X —A)={xe X/3U, e GN(x)3U, N Ac I}

nAcyY (X -A)-(X-A)el

Theorem 5.6 Let (X, 7, 1) be *b-finitely additive ideal
space with [ : 7. Then

W, (W, (A) =y, (AVAC X .

Proof: From theorem (4.1) ¥, (A) c ¥, (¥, (A)) By
theorem (5.5) ¥/, (A) — A= Eforsome E€ [.
Therefore ¥, (A)=AUE.

So, ¥, (¥, (A) =y, (AUE)=y,(A), by theorem

(AUA™)® = A U(A™®)*  C AP UA™ =A™  AdPL™

- AU A" is *g-closed. By (5),
(AUA®)—(AUA™®)* e

But

(AUA®)—(AUA™®)* =(AUA™)-A" = A
~LAel

(4)= (6) Let AC X.By(d) A—A* eI .Let
xe ANA™S.

Suppose x& (AN A™®)"® then there exists

U € GN (x)such that U N"(ANA™®)e I. This
implies that U M A € I which is a contradiction.
Therefore ANA™® C(ANA™®)®.

Theorem 5.7 let (X, 7,1) be a*g finitely additive ideal

space with IiT. If U,V e GO(x),and
Y, U)=y,(V)then U=V mod/.
Proof: By theorem (4.5) U c ¥, (U)
~UN\V oy U)-V=y (V)-Vel
Therefore U =V mod [
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