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Abstract: In this paper multi-objective inventory model under
limited storage area, deteriorating. Items with stock-dependent
demand are developed in a fuzzy environment. Here,
objectives are to maximize the profit and to minimize the total
average cost and wastage cost, where Purchasing price, set-up
cost, holding cost, storage area, Inventory cost, shortage cost,
rate of deterioration, total storage area, and objective goals are
fuzzy in nature. In this model, fuzzy parameters are
represented by linear membership functions and after the
fuzzification, it is solved by fuzzy non-linear programming
(FNLP) and weight FNLP (WFNLP), fuzzy product goal
programming, (FPGP) and weight FPGP (WFPGP) method
are presented. The model is illustrated numerically and the
results obtained from both WFENLP and WFPGP methods.
Solving this problem also for some numerical values by both
WENLP and WFPGP methods, optimum results are presented
in tabular form for different weights.

Key words: Multi- objective, Deteriorating items, Shortages,
Fuzzy Goal Programming, Linear membership functions.

1. Introduction

Though  Multi-Objective  Decision
Making (MODM) problems have been formulated in
many areas like air pollution, transportation,
structural analysis etc. It may depend on time,
on hand inventory level or initial stock level, etc.
After that, the models with time dependent demand
rate have been studied by several researchers Datta
and pal [6], Chen and Wang [5], Bakhi [1] and others.
In this area, a lot of research papers have been
published by several researches such as Papachristos
and Skouri [8], Chang et. al. [3], Balkhi [1], Chang
[4] and others. However, Goyal and Giri [7]
presented a review article on deteriorating items
including the publications up to 2001.Over the past
two decades, no extensive research work has been
done to deal with more than one objective in
inventory management system. Bookbinder and Chen
[2] developed a non-linear mixed integer-
programming model with two objectives for the
warehouse-retailer system under deterministic
demand. The objectives in this model are
minimization of annual inventory and transportation
costs. They also considered two probabilistic models

with customer’s service as another objective. Roy and
Maiti [9] formulated an inventory problem of
deteriorating items with two constraints, namely, storage
space constraint and total average cost constraint and two
objectives, namely, maximizing total average profit and
minimizing total wastage cost in fuzzy environment.
Very few researchers like Omprakash Jadhav and V.H.
Bajaj [10,11] have formulated it in the field of inventory.
They formulated an inventory problem of deteriorating
items with two objectives-minimization of total average
cost and wastage cost in crisp environment. and solved
using non-linear goal programming method. But, there
are lots of real-life inventory problems, which can be
better represented by the MODM formulation. In the
inventory problem of a wastagable /damageable item say
gold, diamond, etc., the item may be so costly or so
scarce that one can’t have unlimited wastage of the
materials for the sake of maximum profit. In this case,
wastage has to be minimized even if it brings down the
profit level. Such a situation is truthfully represented by
taking two objectives i) Maximization of profit and ii)
Minimization of wastage and then a compromise
solution is found out to satisfy both the objectives in a
best possible way. Similarly, for the sake of profit as
much as possible, one retailer cannot invest the unlimited
amount for his business, if required.
Retailers/businessmen always try to invest the amount as
less as possible and to make profit as much as possible
against that investment. Hence, here again, minimization
of the average investment cost may be an additional
objective in addition with the usual objectives of profit
maximization and wastage minimization for damageable
items.

In most of the earlier inventory models, lifetime
of an item is assumed to be infinite while it is in storage.
But, in reality, many physical goods deteriorate due to
dryness, spoilage, vaporization etc. and are damaged due
to hoarding longer then their normal storage period. The
deterioration also depends on preserving facilities and
environmental condition of warehouse-storage. So, due
to deterioration effect, a certain fraction of the items are
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either damaged or decayed and are not in perfect
condition to satisfy the future demand of customers
as good items. Deterioration for such items is
continuous and constant or time- dependent and /or
dependent on the on-hand inventory. Normally,
marketing duration of seasonal products is constant
and these are available in the market every year at
some fixed interval of time. Hence the time period for
the business of seasonal goods is finite. Several
researchers have developed this type of inventory
models.

In this paper, under limited storage area, a
multi-objective inventory model of deteriorating
items with stock-dependent demand is formulated in
crisp and fuzzy environment. Here, objectives are to
maximize the profit and to minimize the total average
cost and the wastage cost. The problem is solved by

i) Fuzzy Programming Technique (FPT)
based on Zimmermann’s approach.

ii) Weighted Fuzzy Programming
Technique (WFPT).

iii) Goal Programming (GP) and
iv) Weighted Goal Programming (WGP),
methods in crisp environments.

The model is illustrated numerically and
the results obtained from different methods are
compared.

In fuzzy environment, inventory costs,
prices, profit goal, total cost, wastage cost and storage
area are assumed to be imprecise in nature. In this
model, fuzzy parameters are represented by linear
membership functions and after the fuzzification, it is
solved by Fuzzy Non Linear Programming (FNLP),
Weighted FNLP (WEFNLP), Fuzzy Product Goal
Programming (FPGP) and weighted FPGP (WFPGP)
methods. The model is illustrated numerically and the
results obtained from both Weighted Fuzzy Non
Linear Programming (WFNLP) and WFPGP methods
are presented. A sensitivity analysis on fuzzy goals is
presented with different tolerances on profit, total
cost, storage area, and wastage cost.

2. Notations Assumptions
Di(S;) = Demand at time t, given by
D(S) = Xioq Qo (1), for - (Qi— Q)
<s®<0
= Qf®,  for 0<s; (1) <iQu
= o sP (0, for QuS sit) < Qy
Where ; and z are constants; o, B, X; > 0,

Q. = stock level (which is constant), when the
inventory level is less then this quantity, the
consumption rate becomes constant,

Qii = Highest stock level,

T; = Time period of each cycle,
S; (t) = Inventory level at time t,
Xi= Finite rate of production,

Bi=  Deterioration rate,

P, =  Pelling price,

P;= Purchasing Price,

fi = Space required for one unit of i item,

F = Floor space or shelf-space available,

Ci= Inventory holding cost per unit item
per unit time,

Csi=  Set-up cost per period,

¢ =  Total shortage units,

0, = Total deteriorating units,

TCi (Qi,Q'): Sum of average costs of the
system,

PF(Qi Q)= Sum of average profits of the
system,

FC(Qi ,Q) =  Sum of Wastage costs of the

system,
(Where Q and Q' are the vector of n decision
variables Q; and Qy;, 1 = 1, 2,... n respectively).

A deteriorating multi-item inventory model with
infinite rate of replenishment, purchasing price
dependent selling price, stock-dependent polynomial
form of demand, partially backlogged shortages with
limited storage space constraint is developed under
the following assumptions.

1) Production rate is infinite,

i) Shortages are allowed and partially
back- logged,

1ii) Lead time is zero,

iv) The time horizon of the inventory

system is infinite.

3. Mathematical Formulation

ds.
d_tl =- X0 Qo). - (Qi-Q<si(t) <0

=-04(Qo") - aisi, 0= si()<Qq
(1)
= -0 (sP) - assi Qu < sit) <Qy
(2)
Where o; >0, O<a;, X;<lI.

So, the length of the cycle T, for ith item,
holding cost, total number of deteriorating unites,
shortage cost, revenue of the one cycle respectively
are given by
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T, = t1i+ t21+ '[3i 3)
Qli s . ds.
CliGi(Qli):CIi( g D) +as,
4)
Ui _asds )= aGo Qi)

9i(Qli)z( (I) D;(s;) +a;s;

(5)

- -0, .ds.
C3i‘~pi(in Qli): -Cy; (IO Qi-Qui) DS;(SS;))

(6)
Ni(Qi’Qli):(pZi‘p“)(Qi‘ei(Qli))‘p“ei(Q“)

(7)

The sum of average profit, cost and wastage cost are
respectively given by

PF(Q.Q) =X [N(Q,.Q,)-C,,-C,G,(Q,)-C.0,(Q.Q ) ]/T,
®)

TC(Q.Q)=Xle,, +¢,G,(Q,)+ey ,(Q,.Q,)+p,.Q,1/T,
®)
FCQ.Q)=X0,Q,)/T, (17
i) Crisp Model:
Hence our problem is to maximize the total
average profit and to minimize both the total average
and wastage costs under the limitation of total storage

area.
Maximize

PF@Q.Q)= TPr@,.Q,)

Minimize TC (Q.Q') = iTC(Qi,Qli)

1)
i=1
Subject to
S1Q,<F. Q>Q,. Q,.Q>0 =k
2,3,....n
i) Fuzzy Model:
When the inventory parameters such as

purchasing price, set-up cost, holding cost, storage
area, the investment cost, shortage cost, back- logged
coefficient, rate of deterioration and total storage area
and objective goals are fuzzy, the said crisp model (9)
is transformed to a fuzzy model and is represented as

Makimize PF(Q.,Q) =i§"1(miﬁ“Qi»éiGi(Qi))»éliGi(Qi>»52i<|>i(Qi,Q“>
-€3;PQ /T,
M ihimize TC (Q.Q) = iéléliGi(Qli)+621q)i(Qi,Qli)+53i+f)“Qi/Ti

Minhimize FC (Q,Q" :.anlf)nﬁiGi(Qli)/Ti

(12)
Subject to

2fQ <F. Q>Q,, Q,,Q,>0, i
1,2,3,....,n

4. Mathematical Analysis
i) Fuzzy Programming Technique:

To solve the above multi-objective programming
problem (9) by FPT. The first step is to assign two values
Uy and Ly as upper and lower acceptable levels of
achievement for the k™ objective respectively and dy =
Uy-Li= the degradation allowance for the k-th objective
(k =1, 2, 3). Now the problem (9) defined in crisp
environment is suitable for the application of FPT. The
steps of the fuzzy programming technique are as follows.
Step-1: Solve the multi- objective-programming
problem as a single objective problem using only one
objective at a time and ignoring the rest objectives
subject to the constraints of storage space. Let X' be the
optimal solution for the i single objective problem.
Step-2: From the results of step-I, determine the
corresponding values for every objective at each optimal
solution derive. Using all the above optimal values of the
objectives in step-1, construct a pay-off matrix (3 x 3) as
follows:

PF(X) TC(X) FC(X)
X'[PE(X!)) TC(X') FC(X"
X?| PF(X?) TC(X?) FC(X?)
X’| PR(X?) TC(X°) FC(X?)

Here, The Diagonal Elements represent
the optimal values of the corresponding objectives. From
the pay-off matrix we find lower bounds

Lpr= Min (PF (X'), PF (X?), PF (X)),

Lyc = Min (TC (X"), TC (X?), TC (X’)),

Lrc = Min (FC (X"), FC (X?), FC (X%)).

And the upper bounds,

Upe = Max (PF (X"), PF (X°), PF (X)),

Urc = Max (TC (X'), TC (X?), TC (X)),

Ure = Max (FC (X"), FC (X?), FC (X%)).

Then the objective summations are estimated as

Ler < PF (X) SUpr, Lic £ TC (X) < Uzc and

Lec < FC (X) < Uge
Step - 3: From step-2, we may find for each objective
the value Ly and Uy corresponding to the set of solutions.
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For the multi-objective problem (9), the membership
functions U pp (X), Hre (X) and Mg (X) which

may be linear or non-linear, are defined below. For
simplicity, we have considered linear membership
functions only.

upp(X) =1, if PF (X) > Upg
=PF(X)‘LPF, lfLPFSPF(X)
UPF'LPF
< Upr (13)
=0, if PF (X) < Lpg
Ko (X) =1, if TC (X)<LTC
= UTc‘TC(X), lfLTC < TC
Urc-Lrc
(X) < Urc (14)
=0, if TC (X) > Urc
Hpe (X)=1, if FC (X) < Lgc
=y..-Fc(x) » if Lgc < FC
U FC -L FC
(X) < Urc (15)
=0 if FC (X)>UFC.

Step - 4: Use the above membership functions to
formulated a crisp non-linear programming model
following Zimmermann’s approach as

Maximize o

Subject to
ppr(Q.QY) 2«
pre(Q,Q') 2«
(16)
Hec(Q.Q) 2 @
n
QEQMSF
Q>Q, 0<ac<l, Q,Q'>0;
ii) Weighted Fuzzy Programming
Technique:
Crisp weight:

Sometimes decision makers may consider the
relative weights for objective goals to reflect their
relative importance. Here, positive crisp weights

o

1,.
w (1="","") for the model are used (weights can

be normalized by taking (W4+W"+w"=1). To
achieve more importance of the objective goals, we

choose suitable weights in the fuzzy non-linear
m

programming technique. If W' w"and w" are
institutive weights for the profit goal, total average
cost and wastage cost goals respectively, then the
crisp model (9) can be written as,

Maximize o
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Subject to

(PF(Q.Q) - Ly,
W( UPF-LPF )Za

W Urc-TC(Q.QM a7
" ( Urc-brr j =
W( UpeFCQ.Q )) -
FC FC
El f iQ i £ F
Q>Q, 0<a<1, Q,Q'>0;
iii) Goal Programming Technique:

In the simplest version of the goal
programming, the decision maker sets goal for each
objective that he/she wished to attain. The optimum
solution X* is then defined as the one that minimizes the
deviations from the set goals. Thus, the goal
programming formulation of the multi-objective
optimization problem leads to

Minimi Kk 1/p
mimize + -\ P
|:JZ::1 (dj + dj ) :|

Subject to gi(X) <0
W (X)-d".+d .= b
i i i i
(18)
d.,d".=0
i
dj+dj'20

Here bjis the goal set by the decision maker for the jth
+ -
objective and dj and dj are respectively, the under-

and over- achievements of the j™ goal. The value of p is
based upon the utility function chosen by the decision
maker. In the present case, the goals b; are taken
depending upon the nature of the objective W; obtained
from individual maximization/minimization of W;, since

overachievement of the goals, dj_is defined for the
maximization of the objective. Thus, underachievement
dj is defined for the minimization of the objective.

Thus the following the mixed equality- inequality
constrained problem stated in equation (16), (9) can be
restated as the following equivalent inequality
constrained problem:

[, +@, )+, )" ]
>fQ, <F
PF(Q,Q")+d, = b,

e e . /p
Minimize

subject to

(19)
TC(Q.,Q') -d,"=b,
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FC(Q.Q") -d; = b,

Q>Q,p=21,Q,Q'd,,d,",d,” 20
iv) Weighted Goal Programming Technique:

If achievement of certain goals is more
important compared than the others, the above
problem (17) can be restated as,

Minimize
' “\P " +\P (KR +\P Lp
[wi@d, ) +wr(d, ) +w(d,)" ]
Subject to .
ElfiQ]i < F
PF(Q,Q)+d, = b,
(20)

TC(Q.,Q)-d," =b,
FC(Q.Q"-d," = b,

Q>Q.p=>1,Q,Qd, ,d," ,d,” >0
w+w'+w'' =1

v) Fuzzy Non-linear Programming Technique:

FNLP algorithm has been illustrated and used
here to solve fuzzy multi-objective inventory model
(10). In fuzzy set theory, the fuzzy objectives,
constraints, costs, rate of deterioration and rate of
backlogging are defined by their membership
functions which may be linear or non-linear.
According to Zimmermann (1976), the linear
membership functions are

W, PFQ.Q) =0, forPF(Q.Q) < B, = Py,
:1.(&5(9’@), forB, - P,, <PF(Q.Q ) < B,
=1, forPF(Q»QV)>Bu

21

He TCQ.Q)=1. forTC(Q.Q) <C,
=1 (FEQQIZC, pr o s 7)<+ P
-0, for TC(Q,Q‘)>CU+PC‘,

(22)
n, FC(Q.Q) =1, for FC(Q.Q )< D,
21 (FEQITD ) oip, < FCQQ) <D, + Py,
_o. for FC(Q.Q )>D, + P,
(23)
n n
HF(ZlfiQn) =1, for Z1fini<F
i= =
(24)
ZfiQn'F n
=1-| =5——|, forF<YfQ, < F+P,
F i=1
O n
=0, for i;lfini >F+PF

pp“(u):l, foru< p,,
= u - .
L- (Tll)il'), forp,, <u<p, ,+P,
(25)
=0, for u > P,+P, .
Hcl.(u)= I, for u>c,,
1
Cp.u
=1-( Pcr ), forc“—PCli Suscy
(26)
=0, for u<Cli_PC1i
1=1,2,3.
n, (u)y=1, for u>a,
a,_u
:1-( P j, fora,-P, <u < a,
(27
=0, for u<g - P
i 61
ny (u)y=1, for u> X,
1

i

Xi-u
:1—(T), for Xi-PXiSuSX
i

(28)
=0, foru<y _p

Xj

Here, objective goals, total storage area, purchasing
price, set-up cost, holding cost, shortage cost, rate of
deterioration and rate of backlogging are respectively By,
Co, Do, F, p1i» Cs;, Cii, Cai, 65, X having their respective
tolerances PB(), Pco, PDQ, PF . Ppli’ PcSi’ Pcli, Pc2i, Pei and
P,; which are positive real numbers. Using the above
membership functions, the fuzzy model (10) is
transformed to an equivalent crisp model,

Maximize o,

Subject to
(1+BO_PF(Q’Q))Za
1.1€@Q) ¢, 5,

Co
(29
(1_ FC(QP’Q )'Do) >
Do

Q>Q,0<a<1,Q,Q >0,
Where

PF(QQ)= X (m uyl (0) Q-k3, (@) 1l (@) 0,(Q))

i=

Spdi(@) G(Q)) - piyi(a) G(Q) - ndy(w) /T,

TCQQ) = X (5, (@) uil(e) noy (@) + nyi(e) G(Q))
+ (06 (Q) + () T,
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FC(Q.0) = Xyl (@) b o)/,
i=1 1

Let Py be the minimum and Pco, Ppo, Pr be
the maximum acceptable violation for the aspiration
levels Upgand Ly¢, Lgc and Lerespectively.

vi) Fuzzy Product Goal Programming (FPGP)
Technique:

The above fuzzy problem (10) can be

formulated as

Maximize  V(a,,00,,0,,0) = 0,0,0,0
Subject to (1+ Uy ~PFQ.Q) )=a
P 1
PF
TC(Q.Q)-L .
(- PTC ' "
(30)
FC(Q,Q)-L
1- 5 EC ) = o,
FC
n
> Fini_F
(1_1=1 ) = o

0<ox, @ <1,Q 2Q:Q.Q 20,X=
1,2,3.
Where V((ll,(lz,(l3,(1) is a
achievement function.

simple product

5. Numerical Examples

For all models, let us assume, n =2, ;- 9, o0 , = 10,
Qo1 = 10,

Q=15 f1=0.5 sq.ft. £, = 0.8 sq.ft.
The above non-linear programming problems (9),
(15), (16) and (17) are solved by computer algorithm
based on gradient search technique (Generalized

Reduced Gradient method) for the following numerical
data.

5.1 Crisp Model:

To illustrate the model (9),
We assume

p,= $10, pw=$12, m|=1A20, mq=lA25,c”=$1,c|2= $0A9,c”=$50A00,

c,= $60.00, c, = $145,c“= $1.6, a = 0.1, a = 0411,X|= 048,X1= 0.75,
We first solved the multi-objective programming
problem as a single objective problem subject to the
space constraints using only one objective at a time and

ignoring the rest objectives. Let X1 be the optimal
solution when only i-" objective is considered as
objective function. The result is shown in matrix [P],
given by

Xl XZ X3
PF(X) | 41.03 20.00 20.00
TC(X) 862.22  757.12 762.17
WCEX) | 57.63 18.09 11.61

Here, the values in the i-" column represent the
optimum value of the i-" objective and the values of the

order objectives at x!.
i) Fuzzy Programming Technique.
From the above matrix P, the values of the
bounds are
L =$20.00, U = $41.03, L =$757.12,
PF PF TC

U =$862.22, L =8$11.61, U_=$57.63.
TC FC FC

With the above parametric values, the optimal
values of model (15) are

@ =0.6,PE'=$32.55 TC = $799.51, FC* = $8.46.

ii) Weighted Fuzzy Programming Technique.
For the different values of W', w",w", the
optimum values of the model (16) are given in Table-1

Table 1
M wooww PF/$  TC/$ FC/$
0.119 0.6 02 02 3255 799.51  8.48
0.078 0.7 02 0.1 3650  821.00 10.43
0210 03 05 02 3477 81601  9.16
0.110 0.1 0.7 02 3143  800.09  7.61
0.085 0.1 03 0.6 2596  772.79  5.88
0.115 0.1 02 0.7 2346  773.67  4.69

iii) Goal Programming Technique:

We solve the model (17) with the same parametric values of model (10) and blz $50,b,=$790.00,b,=$15.00,

the optimal values are given in Table-2.
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Table 2

P d; d;’ a3 PF/$ TC/$ FC/$

1 23.04 12 06 26.96 791.20 15.6
2 2055 3.10 5.67 29.45 793.10 20.67

5.2 Fuzzy Model:
To illustrate the fuzzy model (28), we assume that all the crisp parametric values remain the same. In addition

we take

P = $20.00,B,= $60.00,C,= $750.00,P_ = $150.00,D,= $10.P,c= $30.0, Then we
PF= 20sq.ft, PP11= $2, PP12= $3, P91= '03’P92= .02, PC“= $.12, PC12= $2, PC31= $8.0,

P = 1 P = . P = . .

c,, = $10.Py =05 P =.06

obtain the obtain the following optimal values of the objectives and related parameters by FNLP and FPGP method as,
i) FNLP:
PF'=$49.90,TC =$825.76,FC =$10.36,P" =$11.10,P" =$13.52,

*_ *_ 6 %k _ * _ * _ %k _
S —$13.21,32—$l .22,C11—$O.94,C12—$O.80,C21—$1.25,C22—$1.4O,

C,,=$45.96,C,,=$55.08,F =36.735q.ft.,0, =0.085,0,=0.099,
X1*20.775,X3:0.753,(1*:0.51,QT:58.34units,QT1:26.37units,

Q;=67.81units,Q;1=30.47units.

iiy FPGP:
0 =0.54, 0, =0.85, 0 =0.54,a=0.54, X =.77, X =.72,a =.08,
a =.09, PF =$50.82, TC =$834.65, FC =$14.34, F =61.60sq.ft.,
Qf: 78.18units, QT1= 43.38units, Qz=79.60units, Q;: 39.04units,
S1=$ll'28’82= $16.49, p1=$9.40,p2=$l3.74,C12=$0.79,C21=$1.21,
C_=$1.37.C_ =545.36.C_=$54.20,

6. Sensitivity Analysis
Now, we perform some Sensitivity Analyses upon the profit, total cost, wastage costs, goals and warehouse

space in fuzzy model due to the changes in the tolerance limits of PPF’PTC’ -~ and PF and the results are given in

Table-3, Table-4 Table-5 and Table-6 respectively.
Table 3: Effect on PF, TC, FC and F due to incremental changes of P
PF

Ppr/$ PF/$ TC/$ FC/$ F/sq.ft. o

10 54.17 837.38 10.74 37.89 0.42
20 4990 825.76 10.36 36.73 0.50
25 48.51 821.05 10.20 36.30 0.53
30 46.62 816.90 10.06 35.85 0.55

Copyright © 2013, Statperson Publications, linternational Journal of Statistika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 6 Issue 1 2013



Table 4: Effect on PF, TC, FC and F due to incremental changes of P,

Omprakash Jadhav, V.H. Bajaj

PT C /$ PF/$ TC/$
75 47777  795.87
100  48.60  807.00
125 49.31 816.78
160 50.10  829.16

7C
FC/$ F/sq.ft. o
8.24 3241 0.39
8.37 32.28 0.43
9.16 33.95 0.47
10.81 37.77 0.505

Table 5: Effect on PF, TC, FC and F due to incremental changes of PFC

*

PW C /$ PF/$ TC/$
10 49.89  825.38
20 49.90 825.78
25 4990 825.85
30 4991 825.97

FC/$ F/sq.ft. o
10.36 36.75 0.49
10.365  36.75 0.49
10.38 36.73 0.495
10.384  35.73 0.50

Table 6: Effect on PF, TC, FC and F due to incremental changes of P

P/sq.fi. PH/$ TC/$
10 4990  825.76
20 49.90 825.76
25 49.90  825.76
30 4991  825.76

7. Conclusion
From the above Tables - 3 to 6, it is observed
that when p increases, all the objective’s values
PF

decreases; when increases, all the objective’s

PTC

values increases and when P increases, the behavior

of the objectives remains same as the case for p
TC

but very less sensitive than others. When we increase
the value opr, it is observed that all objectives

remain more or less unchanged. The above behaviors
are in tune with the assumptions.
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