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Abstract: This paper deals with the study of optimality of circular
neighbor balanced designs for total effects when the one-sided or
two sided neighbor effects are present in the models and the
observation errors are correlated according to first order circular
stationary autoregressive process. Some optimality results under
some specified conditions are provided and the efficiencies of
circular neighbor balanced designs relative to the optimal
continuous block designs are also investigated. In order to discuss
the efficiency of circular neighbor balanced designs among all
possible block designs with the same parameters, the optimal
continuous block designs are characterized and the efficiencies of
circular neighbor balanced with block of small size k< 16 are
illustrated.
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Introduction

Blocking of experimental units can efficiently
eliminate heterogeneity in the experimental material and
increase the sensitivity of data analysis. This technique
has been popularly adopted in various scientific
investigations and product quality improvement. It
motivates many researchers to deeply study the optimality
of block designs and their construction approaches. The
detailed discussion can be found in most recent texts on
the design of experiments, e.g., in Dey (1986),
Pukelsheim (1993), Wu and Hamada (2000) and Box,
Hunter and Hunter (2005). In many experiments, the
response on one subject in a given period may be affected
by the neighbor (or residual) effects of the treatments
applied to that subject in the neighboring periods as well
as by the direct effect of the current treatment. Under the
linear models with the neighbor effects, many optimality
results of block designs are established for treatment and
neighbor effects separately. Hedayat and Afsarinejad
(1978), Cheng and Wu (1980), Kunert (1984b) and
Kushner (1997) for cross-over designs, Kunert (1984a)
and AzaA3s, Bailey and Monod(1993), Druilhet (1999)
and Filipialk and Markiewicz(2005) were dealt with
circular neighbor- balanced designs. Bailey and Druilhet
(2004) pointed out that the effect of most importance is
the sum of the direct effect of the treatment and the
neighbor effects of the same treatment that is the total

effect. Furthermore, they also showed that a circular
neighbor-balanced design is universally optimal [in
Kiefer's (1975) sense] for total effects under linear
models containing the neighbor effects at distance one
among the class of all designs with no treatment preceded
by it. Optimality of circular neighbor — balanced designs
for total effects with Autoregressive correlated
observations was introduced by Yun long Yu, MingYao
Ai, and Shayuan He. In this paper we study the universal
optimality of circular neighbor-balanced designs for total
effects, but when the observation errors are correlated
according to a first-order circular autoregressive process.
In this paper, Section 2 deals with some definitions and
preliminaries. Section 3 presents the main results that
circular neighbor- balanced designs are universally
optimal under some conditions for the total effects in
linear models which incorporate one-sided or two-sided
neighbor effects when the observation errors are
correlated according to a first-order circular
autoregressive process. In order to discuss the efficiency
of circular neighbor-balanced designs among all possible
block designs with the same parameters, the optimal
continuous block designs are characterized in Section 4.
Section 5 presents the efficiency of circular neighbor-
balanced designs with blocks of small size k <16 based
on the previous structure of optimal equivalence classes
of sequences.

2. Model and Definition

Let [n denote an n-dimensional vector of ones
and the symbol
& denote the Kro- Necker product. Consider a set of
circular block designs € 1. For a design d € €, 5, 1), the
left-Neighbor and two-sided Neighbor linear effect
additive model can be written in vector form as (M)

Y = 1bk“’ + TdT— Ld.ﬂ, + ['{b @fkjﬁ+f
(M)

V= Lyt +TT+ Lgd +Rep+ (h, ®LIF+e
Where Y =(Y11,...,Y1k,...,Ybl,...,ka)7,Yij is the

)
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observation response on plot j of block i, u is the general
mean, 7, A and p are, respectively, the f-dimensional
vectors of the direct effects, left-Neighbor effects and
right-Neighbor effects of the ¢ treatments, T,, L;and Ry
are the corresponding incidence matrices, £ is the b-
dimensional vector of the block effects, and ¢ is the
vector of random errors. Suppose that the errors in each
block are correlated according to a first-order circular
auto regressive process, denoted by AR(1,C). Details
given in Kunert and Martin (1987). The AR(1,C) process
can be represented in the recursive form g=ve;_j+y;with
lvil<1l,where the #i’s are uncorrelated noises with
E(#i)=0 and Var (;)=02, and E(gy)=0.Then E(¢) = 0 Cov
(¢) =02l, & S and
St=(1+v)i, —v(H+H")

w0 0 v
TR T 0 0
0 0 0 S T
v o0 0 ST

Where H denotes the kxk matrix with /= 1 and
the (i, j)lh element A= 1 if i—j=1 and O otherwise. Note
that when v = 0, the structure of errors is reduced to the
popular i.i.d. case. Let ¢ and w denote the total effects of
the ¢ treatments in the models (M;) and (M),
respectively, that is p=t+4 and w=r+A+p. Thus, we can
obtain the following universal optimality results of
CNBD'’s for the total effects.

Result 1

For 3 <k <t, a CNBD (2) in Q) is universally
optimal for the total effects in the model (M;) among all
the designs with no treatment Neighbor of itself when 0 <
v < 1, and among all the designs with no treatment
Neighbor fit self at distance 1 or 2 when -1 <v < 0.

Result 2

For 4 <k <t, a CNBD (3)in Q) is universally
optimal for the total effects in the model (M) among all
the designs with no treatment Neighbor of itself at
distances upto 2 when 0< v<1, and among all the designs
with no treatment Neighbor of itself at distances upto 3
when - 1< v <0.

3. Characterization of optimal continuous block
designs

In the following sections, we are going to discuss
the efficiency of CNBD (2) for the total effect in the
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model (M;), even if all the procedure can similarly be
adapted to the case of CNBD (3) for the total effect in the
model(M;). The optimal designs among all possible
designs with the same parameters are characterized
according to the method introduced by Kushner (1997).
For details also refer to Kunert and Martin (2000) and
Bailey and Druilhet (2004). For u=1, 2, . . .b, let T be
the incidence matrix of the direct effects of the treatment
in block u, 1=<u<b. Then Ty = (T41,Tap,... Tap)” s just the
incidence matrix of the direct effects. For each u, define
Ls=H T4, Rg@=H'Ty4,. Thus, it is obvious that L4=
(I,&9H)T4 and Ry= (I, YH’) T, are exactly the incidence
matrices of the left-Neighbor effects and of the right-
Neighbor effects. Define that two sequences of treatments
on a block are equivalent if one sequence can be obtained
from the other by relabeling the treatments and denote by
s the equivalence class of the sequence / on the block u.
Because tr(Cy) are in variant under permutations of
treatment labels, so the value tr(C,,) remains the same for
any sequence in the same equivalence class. Thus, we can
define,
1 2 PR . 2(1_‘/)2 o 2

c(s)=tr(Cd”)=E |:(1+v —v)k+(1-v) ;mi -v ;pi - TZn, 3)

i=1

where n;is the number of occurrences of treatment
i in the sequence [m;is the number of times treatment i is
on the left-hand side of itself in the sequence / and p;is
the number of plots having treatment i both on the left-
hand side and on the right-hand side.
Optimal equivalence classes of sequences when k = 3
or 4

When k£ = 3 or 4, all the non-equivalent

sequences are listed in the following two tables.

Table 1: All the non-equivalent sequences when k=3
No. Sequence v vy C(S)
1 aaa 0 1 0
2 aab 1| 1 ] 130%v+D)
3 abc 31 0 | 12(674+v+])
Table 2: All the non-equivalent sequences when k=4
No. Sequence v vy C(S)
1 aaaa 0 1 0
2 aabb 0] 2 Vvi+1
3 aaab 1| 1 | 126%D)
4 aabc 2 |1 v+l
5 abed 410 v+l

Proposition 1:

When k =3 or 4, for any v € (-1,1), a CNBD (2)
is universally optimal for the total effects in the model
(M;) among all possible designs with equal size.

Proposition 2:
Whenk>5,v>2and vl =0 or 1 in any optimal
sequence.
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Proposition 3

M

pE[——=—1.1]

When 00 for any positive integer k
> 5, if k is odd, then the optimal sequence has the form of
‘ajaaa3as - Az, while if k is even, then the
optimal sequence has the form of ‘ajajaar --apmjakn;’,
where aj,...,ap2) are distinct treatments.

Proposition 4
When any equivalence class of sequences c(s)
... _3—4b
with T2
c(a) = flvy,v2)
= (1-v)2(k-1) —% (v? —3v + v, —% (v? —dv + v, +

1#4

has the following upper bound:

Y RN el
i‘_v‘i—h‘i iy i V.
1]

1
H —_ —

¥ 1 3 d & 1,

-4 LI S £ Lo ¥e oz (4)

With equality if and only if for all 1 EN;
(l) n;=n; -], pi =n; :2"

[.:;r:—u-_] ['iff-v-] 11

rr dor vz

(ii) n;=
Proposition 5
When -1 < v <0 and for k > §, no optimal
sequence contains any treatment just once, i.e., v; = 0 for
any optimal sequence.

4. Optimal equivalence classes of sequences
when k >5

Let [ be sequence in an equivalence class. Denote
by N, and N,, respectively, the sets of treatments
appearing just once and at least twice in 1. Then N=N,U
N, is the set of distinct treatments in [. Let v; =IN;l,v, =
INslandv = INI, where [NI denotes the cardinality of the set
N. For illustration, under the condition of,
3-+5
& the optimal treatment sequences for the
given parameters {v;,v,} are listed together with the
corresponding tr (Cy,) fork=5,6,7,8, ... 16 in Tables 3
to 14, respectively. Note that the sequence for a CNBD
(2) is also listed in the last row for the convenience of
comparison.
Optimal equivalence classes of sequences when k=5

-l<v<

Table 3: Optimal sequences for all possible pairs of {v,v;} for k=5

S.No S(: gg::;le V| v Tr (Cqu)
1 Aabbb 210 1/5(7v-4v+7)
2 Abbbb 2 |1 1/5(7v-4v+T7)
3 Aabbc 31 0 | 1710007 v*-9 v +17)
4 aabcc 31 0 | 171007 vZ9 v +17)
5 aabcc 3 0 1/10(17 vZ-9v +17)
6 abcde 510 12 (3v*- v +3)

Among the above sequences, the sequence
“abbcc” is the optimal sequence by Proposition 3.3
Optimal equivalence classes of sequences when k=6

Table 4: Optimal sequences for all possible pairs of {v,v,/ for k=6

S.No S(zgfl‘g‘li Vv Tr (Cyy)
1 aaabbb 2] 0 2(v2-v+1)
2 abbbbb 2 |1 1/3(2v2-v+2)
3 aabbcc 310 1/2(5v*-4v+5)
4 abbccc 31 0 | 1/6(13v>-11v+13)
5 abedef 6] 0 2v2v+2

Among the above sequences, the sequence
“aabbcc” is the optimal sequence by Proposition 3.3
Similarly for k=7,...16, the optimal sequences can be
derived and it can be concluded from the above tables
that below are the optimal sequences for the
corresponding block size “k”

Table 5: Optimal sequences when k =5 to 16
Block Size Optimal
Sequence
5 abbcc

aabbcc
aabbccc
abbcedd
aabbccdd
aaabbbccc
9 aabbccddd
abbcceddee
aabbccddd
abbccddee
aabbbcccddd
11 aabbccddeee
abbcceddeeff
aabbccddeeff
12 aaabbbcceddd
aaaabbbbcccc
abbbbcccedddd
13 aaabbbcceedddd
abbcceddeeffgg
14 aabbccddeeffgghh
aaaaabbbbbcccce
15 aaabbbccccdddeee
abbccddeeffgghh
aaaaabbbbbcccccc
16 aaaabbbbcccedddd
aabbccddeeffgghh

6
7
8

10

The below table represents all the optimal
sequences for 5 < k < 16. Also Note that the below table
shows the optimal sequence and the last column lists the
values Tr(Cgy,) of a CNBD (2) d.
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Table 6: Optimal sequences for 5 <k <16

Block Optimal
Size Seguence ¢ (s%) tr(Cau)

5 abbcc 1/10 (17v* = 9v + 17) 172 (3v* —v+3)

6 aabbcc 172 (52 — 4v +5) 2V —v+2)
aabbccc 1/14 43V — 44v+43) 1/14 2

7| abbecdd (442 — 39y +44) 2 Gvi=3v+3)

8 aabbeedd 407 —v+1) 3V —2v +3)
aaabbbccce 12 (92 —12v+9) 2/3 (Tv*

9 aabbeeddd -8v+7) 1/18 (83v2 12 (W =5v+7)
abbccddee —85v +83)
aabbeeddd 172 Q1 = 34v+27) 12 )

10| bbecddee (11V2 = 12v + 11) @7 =3v+4d)
aabbbcceddd /11 (68V% — 62v + 68)

11 aabbccddeee 1/22(137v — 164v+137) 172 (W =7v+9)
abbccddeeff 1/22 (134v2 — 147v + 134)
aabbccddeeff (8= 7v +8) 1/4

12 aaabbbcceeddd 27v* = 36v +27) 1/2 (5v* =4v +5)
aaaabbbbcccc (13v2 —20v + 13)
abbbbccccdddd 1/26 (197v* = 137v + 197)

13 aaabbbecedddd 1/26 (221v* = 296v +221) 12 A1V -9v + 11)
abbccddeeffag 1/26 (197v2— 137v + 197)

14 aabbccddeeffgghh 1/2 (17v2-20v+17) (6> =5v + 6)
aaaaabbbbbcccce 1/2 17V = 24v + 17)

15 aaabbbccccedddeee (141v? - 192v +141) 12 12 (13v* =11v + 13)
abbccddeeffgghh (262v*— 229v + 262)
aaaaabbbbbccccce 12 017V = 24v + 17)

16 aaaabbbbccccdddd 1/4(41V — 62v +41) (W =6v +17)
aabbccddeeffgghh (10v*- 14v + 10)

5. Efficiency of CNBD (2) with blocks of size 5 <k <16

In this section we are going to discuss the Efficiency of CNBD (2) for the block size k=5, 6... 16.

For a fixed k, we can find an optimal equivalence class of sequence s*, which maximizes c(s) in (3). Any
sequence in the optimal equivalence class is called optimal sequence. It was shown in Theorem 10 of Bailey and Druilhet
(2004) that a designed * which has each sequence in s* equally often is universally optimal among all possible designs
with the same size. Since the values t r(Cy,) are invariant to any block u for a CNBD (2), so we can define the efficiency
of a CNBD (2) d relative to the optimal continuous block design dx as

tr(c,)  triCy )
Eff @) =263~ o)

The below tables show the calculations of Tr (Cg,) and c¢(s*) when k=5, 6, 7,..., 16

Efficiency of CNBD (2) when the block size k=5

Table 7: Efficiency of CNBD (2) when k=5

S.No v c(S*) tr(Cdu) Eff(d)
1 -1 43.00 4.30 7.00 3.50 0.8140
2 -0.8 | 35.08 3.51 5.72 2.86 0.8153
3 -0.6 | 28.52 2.85 4.68 2.34 0.8205
4 -04 | 2332 2.33 3.88 1.94 0.8319
5 -0.2 | 1948 1.95 3.32 1.66 0.8522
6 0 17.00 1.70 3.00 1.50 0.8824
7 0.2 15.88 1.59 2.92 1.46 0.9194
8 0.4 16.12 1.61 3.08 1.54 0.9553
9 0.6 17.72 1.77 3.48 1.74 0.9819
10 0.8 20.68 2.07 4.12 2.06 0.9961
11 1 25.00 2.50 5.00 2.50 1.0000
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Block Size

M 5 6 7 8 9 10 11 12 13 14 15 16
-1 0.8140 0.7143 0.7165 0.6667 0.6813 0.6471 0.6627 0.6364 0.6511 0.6296 0.6431 0.6250
-0.8 | 0.8153 0.7158 0.7179 0.6680 0.6825 0.6483 0.6639 0.6376 0.6522 0.6308 0.6443 0.6262
-0.6 | 0.8205 0.7217 0.7232 0.6735 0.6876 0.6534 0.6687 0.6425 0.6569 0.6355 0.6488 0.6308
-0.4 | 0.8319 0.7351 0.7353 0.6859 0.6991 0.6651 0.6798 0.6537 0.6677 0.6465 0.6594 0.6415
-0.2 | 0.8522 0.7600 0.7580 0.7097 0.7213 0.6879 0.7014 0.6757 0.6888 0.6679 0.6802 0.6625
0 0.8824 0.8000 0.7955 0.7500 0.7590 0.7273 0.7388 0.7143 0.7259 0.7059 0.7169 0.7000
0.2 | 09194 0.8545 0.8483 0.8095 0.8153 0.7876 0.7963 0.7746 0.7838 0.7661 0.7751 0.7600
0.4 | 0.9553 0.9143 0.9086 0.8816 0.8844 0.8643 0.8696 0.8537 0.8597 0.8464 0.8525 0.8412
0.6 | 0.9819 0.9636 0.9605 0.9474 0.9483 0.9381 0.9405 0.9322 0.9350 0.9281 0.9310 0.9250
0.8 | 0.9961 0.9920 0.9912 0.9881 0.9883 0.9858 0.9863 0.9843 0.9849 0.9832 0.9839 0.9824
1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

From the above table it is evident that the efficiency of a
CNBD (2) approaches to 1 as v tends to 1 for k = 5. In the
same manner, it can verified that the efficiency of a
CNBD (2) approaches to 1 as v tends to 1 for
k=6,7,8,...16. The Efficiency of CNBD (2) d for v
belongs to (-1, 1) are given in the above table for k=5,
6...16.

The following figure shows the relationship between the
efficiency Eff(d) of a CNBD (2) d and v for 5< k <16. It
can be seen that the efficiency of a CNBD (2) approaches
to 1 as v tends to 1 for any k.
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Figure 1: Efficiency of CNBD (2) when 5 <k <16

Summary and Conclusion

In this research paper, we have investigated the optimality
and efficiency of circular Neighbor balanced block
design. We have constructed the efficiency of circular
neighbor balanced designs among all possible block
designs with the same parameters the continuous block
designs are characterized and the efficiencies of circular
neighbor balanced designs with blocks of small size k <
16 are illustrated. From Fig 1, we could see that the
efficiency of CNBD (2) approaches 1 as v tends to 1 for
block sizes k=5, 6,...,16. So we can conclude that the
Circular neighbor balanced design is an efficient design.
Thus we can conclude that CNBD (2) is always a good
choice when the adjacent observation errors have strong
positive correlation.
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