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Abstract: This paper deals with the Bayesian estimation andstudies. The applications of the exponentiated Weibull
prediction of three-parameter exponentiated Weibigtribution. (EW) distribution in reliability and survival studies veer

The parameters are estimated using likelihood béskdlential ilustrated by Mudholkar et al. (1995). Statistical
procedure: classical as well as Bayesian.The qdsivton- . - L ) .
Raphson algorithm is applied to obtain the maximiikelihood prop(_ertles _and parametrlc_characterlzatlons of the density
estimates and associated probability intervals. Bmyesian ~ function discussed by Jiang and Murthy (1999) and

estimates of the parameters of exponentiated Wedbstribution Mudholkar and Hutson (1996). Other statistical properties
are obtained using Markov chain Monte Carlo (MCM@hulation  of this distribution are discussed by Mudholkar and

method. We have obtained the probability interfatsparameters,  Hytson (1996) and Nassar and Eissa (2003). Jiang and
hazard and reliability functions. The posterior dicéve check Murthy (1999) has proposed a graphical approach for the
procedure is used for evaluating model fit. All tBayesian . . -
computations are performed in OpenBUGS and R seétwa real estimation of parameters. Mudholkar and Srivastava

data set is analyzed for illustration of the prabsBayesian (1993) determined MLE of the parameters using

approach. computer packages. The Bayesian estimation problem is
Keywords: Exponentiated Weibull distribution, Markov chain discussed by Singh et al. (2005b) and Nassar and Eissa
Monte Carlo, Bayesian estimation, OpenBUGS. (2004). Choudhury (2005) proposed a simple derivation
1. Introduction for the moments of the EW model. Pal et al. (2006)

The two-parameter Weibull distribution has been theintroduced many properties and obtained some inferences
most popular model for modeling lifetimes, see for for the three para_meter EW model. Nassar and Eissa
instance Murthy et al. (2004) and Rinne (2009). Its major(2003, 2004), studied a two-parameter EW model. They
weakness is its inability to accommodate nonmonotonedave some of its properties and estimated the parameters
hazard rates (in particular, bathtub shaped hazard rated)y using the maximum likelihood and Bayes methods
This has lead to the need to seek generalizations of theased on type Il censored data. Singh et al. (2005a) did
two-parameter Weibull distribution. The first essentially the same as Nassar and Eissa (2004) except for
generalization allowing for nonmonotone hazard ratesthe choice of a non-informative prior instead of an
including the bathtub shaped hazard rate, is thdnformative prior used by Nassar and Eissa. Singh et al.
exponentiated Weibull (EW) distribution due to (2005b) estimated the parameters of a three-parameter
Mudholkar and Srivastava (1993) and Mudholkar et al.EW distribution using type Il censored sample.
(1995). It has been well established in the literature thafréquentist as well as Bayes methods were used in
the EW distribution provides significantly better fitath ~ obtaining the estimates. The Bayes estimates were
traditional models based on the exponential, gammadeveloped under LINEX loss function and non-
Weibull and log-normal distributions. The Ew Informative prior. Kim et al. (2011) obtained the
distribution can be widely and effectively used in maximum likelihood and Bayes estimators for the two
reliability applications because it has a wide variety ofShape parameters and the reliability function of the EW
shapes in its density and failure rate functions, making itnodel based on progressive type-Il censored sample.
useful for fitting many types of datihe  exponentiated Jaheen and Harbi (20_11) has obtalneq the Bayes estimates
Weibull family is an extension of the Weibull family Of the parameters using Markov chain Monte Carlo. An
obtained by adding an additional shape parameter?xce"ent review of EW model is presented in Nadarajah
(Nadarajah 2006) and (Pham and Lai, 2007). The beaut{2012). The rest of this paper is organized as follows. In
and importance of this distribution lies in its ability t S€ction 2, we describe the exponentiated Weibull model

model monotone as well as non-monotone failure rate@nd its properties. The maximum likelihood estimation of
which are quite common in reliability and biological the parameters and associated confidence intervals are
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given in Section 3. In Section 4, the Bayesian modellt can be used in reliability applications and biological
formulation is discussed under independent priors for thestudies because it accommodates nearly all types of
parameters, gamma priors for shape parameters anfdilure rates both unimodal and bathtub. Mudholker and
uniform prior for scale parameter. The data for illustrationHuston (1996) showed that the density function of the
of methodology is given in Section 5. In this sectibe,t EWM is decreasing whemb <1 and unimodal when
ML estimators of the parameters, approximate confidencez 1. Some of the typical exponentiated Weibull
intervals are presented. We cover Bayesian analysis usin ; : ;
the MCMC sFi)muIation in Section 6. ?/n this secti{)n, the (gensny functions for different values o# and for

Bayes estimates and credible intervals of parameters,b:l’/ =1 are depicted in Figure 1. It is clear from the

hazard and reliability functions are presented. In Sectiorigure 1 that the density function of the exponentiated

give an assessment of the performance of the model fdfistinct types of hazard shapes are illustrated in Figure 2
the given data. Section 8 concludes the paper. for some different parameter combinations of the

exponentiated Weibull distribution.
2. The Model

The cumulative distribution function(cdf) of the 20
exponentiated Weibull distribution with three parameters
is given by,

F(x)= 1- exp[— (/ xb} ? ;o ®» 0 1)
where a >0 and b >0 are shape parameters ahd-0
is a scale parameter. Wharn=1 the mode[1) reduces to ‘ e
the Weibull distribution. The exponentiated Weibull 05 4 T
distribution will be denoted bgw(a,s,/). q
The probability density function(pdf) is given by oo J !
f(x)=ab/ Xb_leXp{'(' Xb)] 00 05 10 15 20 25 30
2 x
-1
1- exp[- (/ xb} 2 % Q Figure 2: The hazard function of EW distribution fér=1 and
different values ofa andb .
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The reliability/survival function is ] ) o
The exponentiated Weibull distribution accommodates

a
R(¥=1- exl{ (/Xb)} ;o x 0 3) unimodal, bathtub and a broad variety of monotone
hazard functions depending on the parameter values over
a1 the regions of the space of the shape parameter®
abl x’”exp{-( xb} 1 exr{ /( x"} and b >0, separated by the boundazy=1,6 =1 and the

4 . .
b @ curve ab =1, Figure 3. Continue to enumerate some
1- % ex;{ (/x }

properties of the hazard function.
I. If b>1andab 31, we haveh(x)is increasing,

II. If b<landab £1, we haveh(x)is decreasing,
ll. If 6>1andab <1, we haveh(x) is with bathtub
unique change point,
IV. If b<1l andab>1, we haveh(x) is unimodal with
unique change point.
Further the monotonicities are strict except for the
exponential distribution corresponding4o=1andb = 1.

The hazard rate function is

h(x) =

Figure 1: The probability density functions of EW distributidor
different values ofa , forb =1,/ =1.
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Figure 3: The display of the four regions, which separate the
parameter domain for shape properties of the hdmation, the
curve represen@b =1,

The quantile function is given by
1 b
Xp = -7In(1- plla) K o1 (5)

The random deviate can be generated fEWta, s,/ )

by
1/6

= -/lln(l- ul’a) ©)

whereu has theuU (0, 1)distribution

3. Maximum likelihood estimation (MLE) and
Approximate confidence intervals

In this section, we briey discuss the maximum L(a,b./ |x)=b/ )"

likelihood estimators (MLE’s) of the Ew(a,b./)

distribution and discuss their asymptotic properties to
obtain approximate confidence intervals based on MLE'’s.
, %) be a random sample of size n from

function

Let x=(x,
EW(a,b,/), then the
(@,b,/ |x) can be written as;

(a.b.,/ |x)=nlnabl )+ -l)n In(x )
i=1

- /i:1xib+ G-1) nlln 1 ex;{ ( xb}

log-likelihood

7

To obtain the MLE's ofa , b and/ , we can maximize
(7) directly with respect ta , 6 and/ or we can solve

n exp(-/xib)>§1J o
i=11- exp{- (/ xib}

The 100 (1- g) % confidence intervals foa , 4 and
/ can be obtained from the usual asymptotic normality of
the maximum likelihood estimators withar(a), var(5)

=—- x’+(a-1)

and var(/) estimated from the inverse of the observed
Fisher information matrix, that is, the inverse of the
matrix of second derivatives of the log-likelihood
function locally at 4, & and /. Hence, from the

asymptotic  normality of MLEs, approximate
100 (1- g) % confidence intervals foa , b and/ can be

constructed as

atzgp4/var@) ; b+ zg,zx/var(ﬁ) and
ii Zg/2" Val’( A)

where z,, is the upper percentile of standard normal
variate.

4.Bayesian model formulation
Given a set of datax =(x, ,X%,) from EwW(a,bs.,/),

the likelihood function is given by
8 >qb'1 exp -/ " >§b T 8
i=1 i=1
where
a-1
T :(% 1- exp{- (/ )gb )} 9)
i=1

The Bayesian model is constructed by specifying the
prior distributions for the model parametersb and/ ,
and then multiplying with the likelihood function
L(a,b./ |x) for the given datax=(x, ,X,) to obtain
the posterior distribution function using Bayes theorem.
Denote the prior distribution & , 6 and/ as p(a,b./)
. The joint posterior is

p@a b,/ |x)u &b/ |x)aw®./, )

the following three non-linear equations using Newton- Priors for the parameters

Raphson method.

T _n_n b
——=—+ Inl-exp- (/x’)i= 0
ﬂa a +i:1n eXF{ ( X‘ )} ]
T _n_nm n b
—=—+ In(x)-/ %I
b b+i:ln(><1) 1:1‘ n(x)

o L expl-/ X)X InGx )

+(a-1 =0

<o o]

We assume the independent gamma prior for

a~G(a,h), b6~G(a.b) and uniform priors
/ ~U(ag,by) as
b a1

p(a):q—al) a%lexptha) a> 0, @.hp C

p(6)= 2 b expt by b) 0> 0, @ by P O
G(ay) ' e

and

p(/)=b3_1a3; a < <by:
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Posterior distribution 2. Suppose at thi¥-step,d = (a,b,/ ) takes the value
Combining the likelihood function with the prior via i 0 A0 0 N

Bayes' theorem yields the posterior up to proportionality d® = (a N ) then from full conditionals, we
as

) generate
p(ab,/ |x) pa & B NEN G0 a®b from p(a|b(i) 10 x)
i=1 (10) T
exp -ba- b/ n ¢ T 50 from p(bla(”l),/“),z) and
i=1 . .
The posterior is quite messy and no close form 70+ from p(/La('”)bG*l’,z()-

inferences are possible. We, therefore, propose to
consider MCMC methods to simulate samples from the
posterior so that sample-based inferences can be easily 4. Repeat Step 2\ times.

drawn. The samples are generated by running a suitablyycpc output: Posterior sample

constructed Markov chain that eventually converges to \onjtor the convergence using convergence

the target distribution (called stationary or equilibrium) diagnostics (trace and ergodic mean plots). Suppose that

which, in our case, is the posterior distribution convergence have been reached aéitérations (the

p(a, b,/ |x). burn-in  period).  Discard  the  observations
We can construct these chains in several ways, but all (1) (2) B) : .

of them, including the Gibbs sampler (Gelfand ar)1/d Smith,(g( a2 d ) and retain the observations

1990), are special cases of the general framework of[/(B+1+(j-1)L); B+1+(M-1)LE N:j= 1,2, M ;L2 1which

Metropolis et al. (1953) and Hastings (1970). B

3. This completes a transition frosf" to o('*V

. ) . are viewed as being an independent sample from the
G'ggzsimrlegoﬁlgﬁgwgs of a b and/ . upto stationary distribution of the Markov chain that is

i i ) . P typically the posterior distribution, wheteis thelag (or
proportionality to implement the Gibbs sampler, can begin interval).

specified as . _ For the posterior analysis we have the MCMC output
1. Full conditionals ofa given 6, / and X: ) ) N M)
- (posterior sampleég( , ,g(l , g( ) where

p(alb,/ ,x)pa @™ exd- @} T (11) _ A
2. Full conditional of 6 givena , / and X dh = (a0 p0),/0) =12, M.
blal p a1l & b1 Thu_s MCM_C_putput i_s referred as the _sample after
p(blas x) Sﬁb (12) removing the initial iterations (produced during the burn-

in period) and considering the appropriate lag.

n b
exp -bpb- /X T The Bayes estimates af= (a,b,/), under squared

3. Full conditional of/ givena , b and X: error loss function(SELF), are given by
" n 13 =M= a2 Y 0 g
pURb )/ "exp-/ T (13) a a; ;
=L j=1 M=t M=

As the three-parameter exponentiated Weibull
distribution is not available in OpenBUGS, it requires
incorporation of a module iMReliaBUGS which is
subsystem of  OpenBUGS A module
dexpo.weib3_T(alpha, beta, lambdays written in . . i
Component Pascal for three-parameter exponentiateBreaié'gg %tgels%g;c(z;\ggor; gg’rfslz('q%bal)l 125
Weibull, the corresponding computer program can be 1:36: 1:41: 1:47: 1:57: 1:57: 1:59: 1:59: 1:6%]1669:
obtained from authors, to perform full Bayesian analysis 1.69, 1.71, 1.73, 1.80, 1.84, 1.84, 1.87, 1.8%,12900,
in OpenBUGS using the method described in Thomas et  2.03,2.03, 2.05, 2.12, 2.17, 2.17, 2.17, 2.353, 231,

al. (2006), Thomas (2010), Kumar et al. (2010) and Lunn 2.43,2.48, 2.48, 2.50, 2.53, 2.55, 2.55, 2.589,25%7,
etal. (2013). 2.73,2.74,2.76, 2.77, 2.79, 2.81, 2.81, 2.823,2885,
- . - 2.87,2.88, 2.93, 2.95, 2.96, 2.97, 2.97, 3.0} 3111,
Gibbs Sampler: Imp!ementatlor:) o o 3.15, 3.15, 3.19, 3.19, 3.22, 3.22, 3.27, 3.28] 3BR1,
1. Select an initial valued® = (2@, p¢ ),/()) to 3.33, 3.39, 3.39, 3.51, 3.56, 3.60, 3.65, 3.683,33658,
3.70, 3.75, 4.20, 4.38, 4.42, 4.70, 44091, 5.08, 5.56

5. Data

The following real data set is considered for illustration
of the proposed methodology. The data extracted from
Nichols and Padgett (2006), gives 100 observations on

start the chain.
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5.1. Computation of MLE and Model Validation

The estimation of the parameter of proposed model
is obtained by the method of maximum likelihood(ML)
estimation. The maximum likelihood estimates (MLES)
are obtained by direct maximization of the log-likelihood
function (a,b,/) given in (7). The advantage of this

procedure is that it runs immediately using existing
statistical packages such as R software (R Development
Core Team, 2013). We consider the quasi Newton-
Raphson algorithm in R (Rizzo, 2008) to compute the P
MLEs. o ‘ : : : ‘
The Table 1 shows the ML estimates, standard 00 02 04 08 08 0

error(SE) and 95 % Confidence Intervals for parameters., . Empical cistibution function _
. Lo . igure 5: Probability-Probability(P-P) plot using MLEs asigsite
a,b and/ . The maximized value of loglikelihood is g Y yP-P)p g

(4,b,/)=-141.33.. The Akaike information criterion

(AIC) and Bayesian information criterion(BIC) can be a
used to determine which model is most appropriate for
the given data. For the given set AIC=288.664 and

Theoretical distribution function

oo

Theoretical quantiles
w
I

BIC=296.480.
Table 1: MLE, standard error and 95% confidence interva) (Cl
5
Parameter| MLE Std. Error 95% CI

alpha 1.3169 0.5976 (0.1456, 2.4882 .
beta 2.4091 0.6060 (1.2213, 3.5969

lambda | 0.0928 0.0320 (0.0301, 0.1555 1 2 3 4 5
T Empirical quantiles
To check the validity of the model we compute the Figure 6: Quantile-Quantile(Q-Q) plot using MLES as
Kolmogorov-Smirnov  (KS) distance between the estimate.

empirical distribution function and the fitted distriburttio ) )
function when the parameters are obtained by method of- Bayesian Analysis _ _
maximum likelihood is 0.0644 and the corresponding OpenBUGSscript for the Bayesian analysis

value is 0.8008. model
{

e for(iin1:N)
087 x[i] ~ dexpo.weib3_T(alpha, beta, lambda)
f[i] <- density(x[i], X[i])

reliability[i] <- R(x[i], x[i])

}

0.6 4

Fn(x)

# Prior distributions of the model parameters
alpha ~ dgamma(0.001, 0.001)
beta ~ dgamma(0.001, 0.001)
lambda ~ dunif(0.0, 1.0)

04 —

02+

}
0.0 — Data
‘ ‘ ‘ ‘ ‘ ‘ ' list(N=100, c(0.39,...,5.56))
0 1 2 3 4 5 6 ot
Initial values
. X . o . list(alpha=5.0, beta= 0.1, lambda=0.1) # CHain
Figure 4. The graph of empirical and fitted distributiométion list(alpha=10.0, beta=0.5, lambda=0.5) # Chain 2

have plotted the empirical distribution function and the , ~G(a. b),b~G(a. b) and uniform prior for

fitted distribution function in Figure 4. The P—P and®-
plots for the fitted model are shown in Figure 5 and
Figure 6. It can be seen that the fitted exponentiated® =0.001),(a; =0.001, b, = 0.001and

Weibull distribution provides good t to the given data. (a3 =0.0,b; =1.0)We run the model to generate two

/ ~U(ag, b;) with hyper-parameter valugg =0.001,
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Markov chains at the length of 40,000 with different 06 1 fambaa 045 1 lambda
starting points of the parameters. We have chosen initial 04—\ 035
. . 0.3 0.30 H
values (a =5.0,6 = 0.1/ = 0.} for the first chain and WM M*Ml 025 -
o1 [ \ 020 4 _ Nt T
(a=10.0,6 =05/ = 05 for the second chain. The e e
. . . . 2000 2500_ BDO_G 3500 4000 2000 2500 3000 3500 4000
convergence is monitored using trace and ergodic mean iteration fleration

Figure 7: The trace plot (left panel) anlle ergodic mean

plots. We find that the Markov Chains converge together plot(right panel) for alpha, beta and lambda.

after approximately 2000 observations. Therefore, burnin . )
of 5000 samples is more than enough to erase the effect The erogdic mean is computed as the mean of all
of starting point(initial values). Finally, samples ofesi Sampled values up to and including that at a given
7000 are formed from the posterior by picking up equallyitération. The convergence pattern based on ergodic
spaced every fifth outcome (to minimize the auto@verages is shown in Figure 7 (right panel) indicating the
correlation among the generated deviates.), i.e. thin=5¢onvergence of the chain.
starting from 5001. 6.2 Posterior analysis

Therefore, we have the posterior sample6.2.1 Numerical summary _

M G0 O . . The numerical summary is presented for
(a1’ NRNEL ) ;i=1 ,700C from chain 1 and L _

(al(’),b{”,/f)) ;j=1, ,700C from chain 1.

(1 /) 7G)) .5 = i . . . .
(az b3 % ) 1j=1 ,700C from chain 2. We have considered various quantities of interest and

We have considered the chain 1 for analysis as well atheir numerical values based on MCMC sample of

for convergence diagnostic plots, the chain 2 produces thgosterior  characteristics  for ~exponentiated Weibull
similar result. distribution. The MCMC results of the posterior mean,

mode, standard deviation(SD), five point summary
Before  examinin the arameter  estimates Orstatistics (minimum, first quartile, median, third quartil
9 P and maximum), 2% percentile, 975 percentile,

perfqrm_ing other inference, t@)oq practice consists in skewness, 95% symmetric and HPD credible intervals of
monitoring the convergence that is to check whether thf%he aram,etera b and/ are displaved in Table 2
simulated sample provides a reasonable approximation P ' play

6.1 Convergence diagnostics

for the posterior density. Fundamental graphical Table 2: Numerical summaries based on MCMC sample of
diagnostics are thigace and theergodic mearplots. The posterior_characteristics
trace plot is obtained by plotting simulated draws against |_Characteristics alpha beta lambda
the iteration number: a plot exhibiting the same behaviour |_Mean 2.0537| 2.004g 0.2325
through iterations after an initial period is an indication o | Standard Deviation | 0.879§  0.45f3 0.1623
convergenceThe sequential plot of parameters is the plot | _Minimum 04175| 0.9804 0.0029
that most often exhibits difficulties in the Markov chain. | 23th Percentile@) | 08328 | 1.2287 0.0309
Figure 7(left panel) shows the sequential realizations of |—FrstQuartile (@) 14235 | 16863 0.1168
the parameters of the model. In this case Markov chain Median __ 1.8850 1.9550 0.1952
seems to be mixing well enough and is likely to be Third Quartile (Q) 2.4730 2262? 0.3040
sampling from the stationary distribution 97.5th Percentile@@y) | 4.3743 3.0623 0.6695
: Maximum 5.1710| 3.6750 0.9739
e Mode 1.5992 1.9220  0.1490

(SIS

| | " Skewness 1.0677]  0.6317 1.3700
'Mu MM =] Highest probability density (HPD) : A special type of

: : Bayesian interval ishe highest posterior densifiPD)

I eration 00 1o interval. It is built so as to include the values of the
T 22 b parametershat have the highest posterior probability (the
o] | MN | T most likely values). When the posterior is symmetric and
20 1] W MI 16 has a single peak (is unimodal), credible and HPD
[ S S B I intervals coincide. With very skewed posterior

2000 2500 3000 3500 4000 2000 2500 3000 3500 4000 distributions, however, the two intervals look very

different. Table 3 shows the HPD and credible intervals
for parameters alpha, beta and lambda.We have used the
algorithm described by Chen and Shao (1999) to compute
the HPD intervals under the assumption of unimodal
marginal posterior distribution.
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Table 3: HPD and Credible intervals 07 —~
Parameter | Credible Interval | HPD Credible Interval 7[ XK
alpha (0.8328, 4.3743) (0.6277, 3.9310) 08
beta (1.2287, 3.0623) (1.1670, 2.9140)
lambda | (0.0309, 0.6695) (0.0083, 0.5727) 06 |
6.2.2 Visual summary &Y
The visual graphs include the boxplot, density strip 04 XY
plot, histogram, marginal posterior density estimate and 7[
rug plots for the parameters. We have also superimposed 02 _ xi
the 95% HPD intervals. kLl ki k
00 ; :
1‘.0 1‘5 2‘.0 2‘.5 3‘.0 3‘5

beta
Figure 9(a): Histogram, marinal posterior density and 95% HPD
based on posterior sample

Histograms are the most popular non-parametric
method to estimate the density function. It can provide
insights on skewness, behaviour in the tails, presence of
multi-modal behaviour, and data outliers. It may be useful
to compare the fundamental shapes associated with
standard analytic distributions.

25 4

Figure 8(a): Histogram, marinal posterior density and 95% HPD
interval

2.0

These graphs provide almost complete picture of the 15
posterior uncertainty about the parameters. We have used

the posterior sampltéal(j),bl(j),/g)); j=1, ,700C to

95 % HPD interval

draw these graphs. 05

0.0

1.0 15 20 25 3.0 35
beta

Figure 9(b): Boxplot and density strip of beta

The kernel density estimates have been drawn using R
software with the assumption of Gaussian kernel and
properly chosen values of the bandwidths. It can be seen
that b is symmetric whereaa and / show positive

skewness.
o] N
Figure 8(b): Boxplot and density strip ol , based on posterior 25 + 7 &y
sample. . &X
The density strip plot introduced by Jackson (2008) for
a univariate distribution as a shaded rectangular strip, " XK
whose darkness at a point is proportional to the 10
probability density. N
997 : 5 % HPD interyal
00 1l | [3

0.0 0.2 0.4 06 0.8 1.0
lambda
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Figure 10(a): Histogram, marinal posterior density and 95% HPD M () ;Y. —
interval based on posterior sample (al 'bl '/1 ;1=1,700C
Figure 8(a) represents the histogram, marginal We have computed the density function at each
posterior density and 95% HPD interval fer and observed data point for 7000 posterior samples, using
boxplot and the density strip plot are displayed in Figur logical functiondensity( )in OpenBUGS
8(b). We have plotted the similar graphs in Figure 9(a) f(xi;al(l)'bl(l),/g)); j=1, ,7000j=1, ,10.
and (b) foro. The plots for / are shown in Figure

10(a) and Figure 10(b). The density corresponding to MLE has been plotted

using the “plug-in” estimates of the parameters. It shows
that we have a fairly good model for the given data set.

Figure 10(b): Boxplot and density strip of

6.2.3 Comparison with MLE
For the comparison with MLE we have plotted three Figure 12: Density estimates

graphs. In Figure 11 the density functiofi$x; 4,6/ )  6.2.4 Estimation of reliability function

using MLEs and Bayesian estimates, computed via In this section, our main aim is to demonstrate the

MCMC samples under gamma priors far and 4 and effectiveness of proposed methodology. For this, we have

uniform prior for / , are plotted. estimated the reliability function using posterior samples.
Since we have an effective MCMC technique, we can
estimate any function of the parameters. We have used
the Kaplan-Meier estimate of the reliability function to
make the comparison more meaningful. The Figure 13,
exhibits the estimated reliability function (dashed blue
line: 2.8" and 97.8 quantiles; solid red line:3D
guantile) using Bayes estimate based on MCMC output
and the empirical reliability function (black solid line).
The Figure 13 shows that reliability estimate based on
MCMC is very close to the empirical reliability estimates.

Figure 11: The density functions using MLEs and Bayesian
estimates, computed via MCMC

We observe in the Figure 11, the MLEs and the Bayes
estimates are quite close and fit the data very well.

A further support for this finding can be obtained by
inspecting the Figure 12. In Figure 12 we have plotted

25" 53" and 97.8 quantiles of the estimated density, it

can be considered as evaluation of model fit, based on

posterior sample,
Figure 13: Reliability function estimate using MCMC and Kapla
Meier estimate
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6.2.5 Estimation of Hazard and Reliability 6000. The Gaussian kernel has been used for kernel

The posterior samples may be used to completel)fjelns'_'ty esj[(ljmate?. £ 15 th . hat th
summarize the posterior uncertainty about the parameters 't 1S evident from Figure 15 the estimates that the

a,b and/ through a kernel estimate of the posterior marginal distribution of reliability is negatively skewed
di’stribution whereas hazard is positively skewed.

The MCMC results of the posterior mean, mode,
standard deviation(SD), five point summary statistics
(minimum, first quartile, median, third quartile and
maximum), 2.8 percentile, 975 percentile, skewness,
95% symmetric and HPD credible intervals(CIl) of
reliability and hazard functions are displayed in Table 4.

Table 4: Posterior summary for Reliability and Hazard fuons at

t=1.36
Characteristics Reliability Hazard
Mean 0.8959 0.2596
Standard Deviatiorn 0.0249 0.0439
Minimum 0.7879 0.1328
2.5th Percentile(}) 0.8414 0.1801
Figure 14(a): Visual summary of reliability function at First Quartile (Q) 0.8805 0.2288
t=1.36 Median 0.8977 0.2572
' Third Quartile (Q) 0.9134 0.2873
97.5th
Percentile(g, o) 0.9386 0.3525
Maximum 0.9624 0.4453
Mode 0.9055 0.2527
Skewness -0.4942 0.3743
(0.1800,
0,
95% CI (0.8414, 0.9386) 0.3525)
(0.1741,
0,
95% HPD CI (0.846, 0.9413 0.3455)

The ML estimates of reliability and hazard function at
t=1.36 are computed using invariance property of the

MLE. ML estimates ﬁ(t:1.36): 0.240¢ and
= _ R(t=1.36)= 0.897t.

This is also true of any function of the parameters €.9. A yrace plot is a plot of the iteration number against the
reliability and hazard functions. Suppose we wish to give,,ajue of the draw of the parameter at each iteration.

point and interval estimates for reliability and hazard Figure 15 display 6000 chain values for the hazard
: P : t
functions at the mission time1.36 (at the 14 observed h(t=1.39 and reliability R(t=1.3¢ functions, with their

data point). We have computed the hazard and reliabilit . Lo
functilgns ;t mission timt~3=1r.336 (at the 1 observed data sample median and 90% credible intervals.
point) for 6000 posterior samples, using logical functio

hrf() and reliability( ), (Kumar et al. 2011) in

OpenBUGS. It can be computed directly using hazard and

reliability functions given in (4) and (3), respectively.

Figure 14(b)Visual summary of hazard function at1.36

h(x=1362() o0 /D) ;j=1, 600 and

R(x=1.362(" p{1) /D) ;j=1, 600,

The histogram and marginal posterior density of the
reliability and hazard functions are shown in Figure 14(a)
and Figure 14(b) respectively based on samples of size
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In fact, we have predicated the entire data set and we
have 1000 replications of each; i =1, ,100.

We view the model-checking as a comparison of the
data with the replicated data given by the model, which
includes exploratory graphics. In fact statistical graphics
provides implicit or explicit model checks. Figure 16
represents the Q-Q plot of predicted quantiles
observed quantiles. We, therefore, conclude that the EW
distribution is compatible with the given data set.

Figure 15 MCMC output ofR(t = 1.36) andch(t = 1.36). Dashed
line(...) represents the posterior median and solid lipesfresent
lower and upper bounds of 90% probability inter(&l& D)

7. Posterior predictive analysis
One of the best and most flexible approaches to
examining model fit is the use of posterior predictive
distributions, (Gelman 2003) and (Gelman et al. 2004).
The posterior predictive distribution for a model is the
distribution of future observations that could arise from
the model under consideration. The posterior predictive
distribution takes into account both (1) parametric
uncertainty and (2) sampling uncertainty from the original
model. Parametric uncertainty is captured via the
posterior distribution for the parameters, a sample of
which is the result of simulation using MCMC methods,  Figure 16: Q-Q plot of predictive quantiles versus empirical
(Gupta et al. 2008). Sampling uncertainty is captured via quantiles

the specification of the sampling density for the data. T optain further clarity on our conclusion for the
Thus, we can simulate data from the posterior predlctlvestudy of model compatibility, we have considered

distribution, compare it with the observed data, and, if thép|otting of density estimates of smallest, largest arfti 11
simulated data are similar to the observed data, we may . allest replicated  future

conclude the model fits well, (Gelman et al. 1996). To |.e(x(1), X 00) andx(“))
evaluate the fit of the posterior distribution of a Bayesianobservations from the model with superimposed

model, we can compare the observed data to the posterigrresponding observed data. For this purpose, 1000
predictive distribution. Gelman et al. (1996) propose asamples have been drawn from the posterior using
diagnostic procedure known as a posterior predictiveMCMC procedure and then obtained predictive samples
checking using predictive replicates. Various forms of from the model under consideration using each simulated
checking function may be calculated for both new dataPosterior sample.

and actual observations to assess whether the model

satisfactorily reproduces certain important aspects of the

actual data. Thus such checks go beyond bias and

precision. Implementation of posterior predictive

simulation is relatively simple, given an MCMC-

generated sample of size 100fom the posterior

distribution for the parameters in a mod#k (a,b,/),

and can often be incorporated as part of the MCMC

algorithm itself. For each value af simulated from the

posterior, we generate a new observation from the

sampling distribution for the data, using that parameter

value, for every original observation in the sample. Thus,

we have Figure 17: Posterior predictive density cvk(ll), vertical line

Xirep i=1 100 for eacl‘(al(j),bl(j),/f) represents corresponding observatue

The posterior predictive density estimates based on

j =1, ,1000 replicated future data sets are shown in Figurarid’Figure
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18. Figure 18 represents the estimates correspgntiin  posterior median and dashed lines(...) represent lower and
smallest and largest predictive observations, vawerthie  upper bounds of 95% probability intervals, observed data
same for 11 smallest observations is shown in Figure 17. is superimposed. The predictive data reflect the expected
The corresponding observed values are also shownelayns  observations after replicating the experiment in future,
of vertical lines. As the Figures 17 and 18 showe t having already observedand assuming that the adopted
posterior predictive 'distr'ibu.tions are cgntered rovhe model is true. Overall, the results of the posterior
observed values, which indicate good fit. In gehette®  ,regictive simulation indicate that model fits these data
distribution of rephcated data appedosmatch that of the particularly well. Model fit assessments based on
observed data fairly well. posterior predictive checks are somewhat too liberal, and
posterior predictive checks should not be used for model
selection, see Ntzoufras (2009).

Figure 19: Graph ofModel fit

8.Conclusion
The MCMC procedure provides a flexible environment
for fitting a wide range of models. The MCMC sample
completely summarizes posterior distribution about the
parameters. We have used exploratory data analysis
techniques for the posterior analysis. We have shown that
it is true for any function of the parameters such as hazard
Figure 18: Posterior predictive distribution of the smallgst, ) function, reliability etc. We have obtained the probability
intervals for parameters, hazard and reliability functions.
We have presented the model compatibility via the
The MCMC results of the posterior mean, median,SOSterior predicti\{e check method. We have applied the
mode fo eveloped techniques on a real dat_a set. Therefore,
(X X2 Xs) X(@) X1y X(8), X 9921 X 00) MCMC procedure can easily be applied for Bayesian
are displayed in Table 5. estimation and prediction related to exponentiated
Weibull model.

and Iargest(x vertical lines represent corresponding

(100)) !
observed values

Table 5: Posterior characteristics

Observed Mode |Mean |Median References
X 0.39 | 0.58| 0.56 0.65 1. Chen, M. H., Shao, Q. M., “Monte Carlo estimatioh o
X2 0.81 0.78| 0.7 0.85 Bayesian credible intervals and HPD intervals,” rial
Xs) 1.08 1.08] 1.05 1.3 of Computational and Graphical Statistics, 8(1);929
X6) 1.12 1.15| 1.122 1.19 (1999).
Xan 1.36 1.40] 137 144 2. Choudhury, A., “A. Simple D_eri\_/atic’)’n of Moments the
X o8 4.01 481 494 513 (Ez>:)p005n)entlated Weibull Distribution,” Metrika, 627422,
X(g9) 5.08 5.05| 5.24 5.46 : . « .
X100, 556 560l 584 614 3. Gelfand, A.E., Smith, A.F.M., “Sampling based agmio

to calculating marginal densities,” Journal of the
Figure 19 exhibits graphical posterior predictive check American Statistical Association, 85, 398-409. (99
of the model adequacy, solid line( ) represents the
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