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Abstract: In this paper, we discuss the equitable coloring of well
known graph families of central graph, middle graph and total
graph. We obtain the equitable chromatic number for the above
said graph families.
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1. Introduction

For a given graph G = (V, E) we do an operation on G ,
by subdividing each edge exactly once and joining all the
non adjacent vertices of G . The graph obtained by this
process is called the central graph[1,12] of G denoted by
C(G). Let G be a graph with vertex set V(G) and edge

set E(G) The middle graph [10] of G , denoted by
M (G)is defined as follows .The vertex set of M (G) is
V(G)UE(G) .Two vertices x,y in the vertex set of
M (G) are adjacent in M (G) in case one the following
holds: (i) x,y are in E(G)and x, y are adjacent in G .
(i) xis in V(G), yis in E(G), and x, y are incident
in G. Let G be a graph with vertex set V(G) and edge
set E(G). The total graph [1,2, 6, 10] of G, denoted by
T(G)is defined as follows. The vertex set of T(G) is
V(G)UE(G). Two vertices x,y in the vertex set of
T(G) are adjacent in T(G) in case one the following
holds: (i) x, yare in V(G)and X is adjacent to yin G .
(i) x,yarein E(G), and x; y are adjacent in G .(iii) X
isin V(G), yis in E(G), and x;y are incident in G .
The notion of equitable coloring [9], was introduced by

Meyer in 1973. If the set of vertices of a graph G can be
partitioned into k classes V|,V,,...V, such that each V, is

an independent set and the condition “Vl| - ‘Vj “ <1 holds

for every pair i # j, then G is said to be equitably k-

colorable. The smallest integer k for which G is equitable
k-colorable is known as the equitable chromatic

number([4,5,6,7,8,10,11] of G and denoted by ¥_(G) .

2. Equitable Coloring on Central Graph of Star
Graph

Theorem?2.1: The equitable chromatic number of Central
graph of star graph

K, x.[C(K,,)]=n

Proof. Let V(K,,)={v,v,v,,......,v,} where vy, =
e,(1<i< n) By the definition of central graph C(K,)
has the vertex set V(K ) U{u,/1<i< n}where u,is
the vertex subset of the edges e, .The vertex

subset {v,v,,V,,....., v, } of V(K| )induces a clique on

n vertices.

C(Ky,n)

Figure 2(b): Central graph of star graph K Ln

Let us prove the theorem by the method of mathematical
induction. Let P(n) denotes the equitable chromatic

number of central graph of star graph K,
X_[C(K,,)]=n,Vn=23 and ne N.

Let n=3, then V(K ;)={v,v,,v,,v;} , by the
central

definition of graph
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VIC(K, ;)]={v,v,v,,v3}U{u;,u,,us} . Here the vertex
subset {v} is adjacent to each u,(1<i<3) The
vertex subset {v,,V,,V,}induces a clique on 3 vertices.
By partitioning the vertex set V[C(K ;)], we get
Vi={v,v},V, ={u,,v,,uy},V, ={u,,v;} . Clearly
V.'s are disjoint and UV, = V[C(K,;)] with
“V’|_‘VJH <1 holds for every pair i # j .Therefore the

equitable chromatic number of central graph of star graph

K, 5, 2.[C(K,;)]=3. Therefore P(3)is true.

Let us assume that P(k) is true .i.e., let us assume that
the equitable chromatic number of central graph of star
graph K,,, ¥_[C(K )=k — (1) is true with the
colour classes
Vi={v,v,1,V, ={u,,v,,u, },V. ={u,_,,v,},3<i<k

. Clearly V.'s are disjoint and L_)f.;l V, = VI[C(K )]
with "V,| - ‘Vj “ <1 holds for every pair i # j

To prove P(k +1)is true . i.e., to prove that the equitable
chromatic number of central graph of star graph K|, ,;,
X_[C(K, ., )]=k+1. The vertex set is given by

VIC(K,  DI=vv vy v b O{ug iy, )
={V, V), Vg e Vs Uy Uy ey Uy J OV, U )

=V[C(K1,k N Ot}
The vertex v,,, and u, requires a colour different from
V.(1<i< k) for proper colouring. Here the vertex v, ,
induces a clique with all v,(I1<i<k) and u,, is
adjacent with v. The vertex u,,, has the same colour of

u,and v, . By partitioning the vertex set of C(K|,) .

we get

V.={voy,}1,V, ={u,,v,,u,,},V, ={u,,,v,;},3<i<k+1

. Clearly V,'s are disjoint and UtV = VIC(K,,,,)]

<1 holds for every pair i # j by using
(1).It (k)+1=k+1

Therefore the equitable chromatic number of central

x- [C(Kl,k_‘_l)] =k+1.

with V]|V,

condition requires colours.

graph of star graph Kl,kﬂ,

International Journal of Statistiika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 8 Issue 1

P(k +1) is true whenever P(k) is true. By the principle
of mathematical induction P(n) is true Vn=>3 and
ne N .Therefore the equitable chromatic number of
central graph of star graph K, ¥_[C(K  )]=n
Vn>3and ne N.

3. Equitable Coloring on Middle Graph of Star
Graph

Theorem3.1: The equitable chromatic number of middle
graph of star graph

K, x.[IM(K,,)]=n+1.

Proof. Let V(K,,)={v,v,,v,,.....,v, } where vy, =
e,(1<i<n) By the definition of middle graph
M(K,,) has the vertex set V(K,,) U{u,/1<i<n}
where u, is the vertex subset of the edges e, .The vertex
{u,/1<i<n}

themselves. Hence Vv is adjacent to all u,'s and each

subset induces a clique among

u; (1 <i < n)is adjacent to one another.
K

1,0

v

Vi

%

Figure 3(b): Middle graph of star graph K ,
Let us prove the theorem by the method of mathematical
induction. Let P(n) denotes the equitable chromatic
of middle graph of star graph K
X-IM(K,,)]=n+1,Vn23 and ne N
Let n=3, then V(K,;)={v,v,v,,v;} , by the
’ middle

number Lno

definition of

graph

Page 2



International Journal of Statistika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 8, Issue 1, 2013 pp 01-04

VIM(K, )]={v,v,v,, 3} O{uy,u,,uy}

vertex u,(1<i<n) is adjacent with v and induces a

Here each

clique among themselves. Hence we require four colours
for proper colouring . By partitioning the vertex set

VIM (K, )] , we get
Vi={v.v,},V, ={u,,v,},V, ={u,,v;},V, ={u,}.
Clearly V,'s are disjoint and U?=1 V,=VIM(K, ;)]
with [V;|=|V,|
the equitable chromatic number of middle graph of star
graph K, 5, ¥_[M(K ;)]=4

Therefore P(3) is true. Let us assume that P(k) is true
..e., let us assume that the equitable chromatic number of
middle

X_IM(K, )]=k+1—() is true with the colour
classes
Vi={voyLV.={u,_,v,},2<i<k, V., ={u,}

Clearly V,'s are disjoint and Uf:ll V., = VIM(K,,)]

1

<1 holds for every pair i # j . Therefore

graph of star graph K,

with "V1| - ‘Vj “ <1 holds for every pair i # j.
To prove P(k+1) is true . i.e., to prove that the equitable
chromatic number of middle graph of star graph K|, ,,,

X_[M(K,,, )]=k+2.The vertex set is given by

VIM(K, D= {v,v,vysvi O uuy e, )
={V, V), Vg e Vi Uy Uy ey Uy J OV, U )

= VIM(K )1 U{v,,u.,}
Here u,,, induces a clique with all u,"s and it is also

adjacent with v hence it requires a colour different from
V.(1<i <k +1) for proper colouring. The vertex v, ,is
non- adjacent with u, and has the same colour asu, .
The colour class for M(K, ) is
Vo= hV, = (i v 2 i< k+ 1LV, ={u,) -
Clearly V,'s are disjoint and ULV, = VIM(K, )]

l

given by

with "VJ—‘V}H <1 holds for every pair i # j by using

condition (1).It requires (k+1)+1=k+2 colours.
Therefore the equitable chromatic number of middle
graph of star graph K ,.,, ¥_[M(K, , )]=k+2.

P(k +1) is true whenever P(k) is true. By the principle
of mathematical induction P(n) is true Vn >3 and
ne N .Therefore the equitable chromatic number of
middle graph of star graph K,,, ¥_[M (K, )]=n+1
Vn>3and ne N

4. Equitable Coloring on Total Graph of Star
Graph

Theorem 4.1: The equitable chromatic number of total
graph of star graph K, ¥_[T(K, )]=n+1.
Proof. Let V(K,,)={v,v,v,,.....v,} where vy, =
e;(1 <i < n) .By the definition of total grap
T(K,,) has the vertex set V(K ) U{u,/1<i<n}
where u, is the vertex subset of the edges e,.

The vertex subset {v}induces a clique with the vertex

subset  {v,v,,V,,...,V,,U;,U,,...., U, }. Moreover each

u;(1<i<n)induces a clique among themselves.

Ki
v

Vi

Y

Figure 4(b): Total graph of star graph K Ln

Let us prove the theorem by the method of mathematical
induction. Let P(n) denotes the equitable chromatic
number of total
X [T(K, )]=n+1,Vn23 and ne N

Let n=3 then V(K ;)={v,v,,v,,v;} , by the

definition of total

graph of star graph K,

graph
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VIT (K, )]1={v,v,v,,v;}U{u,,uy,us} . Here the
vertex subset {v} is adjacent to all other vertices
{visv,,V5,U,,U,,U; } and each u,(1<i<3) is adjacent

to one anotherr Hence the vertex subset

{v,u,,u,,u,} requires four different colours for proper
VIT(K, )]
, we get
Vi=0hV, ={u,,v;1. Vs ={uy,n 1.V, ={us,v, )

Clearly V.'s are disjoint and U}, V, = VIT (K, ;)]with

colouring. By partitioning the vertex set

“Vl| —‘VJ.H <1 holds for every pair i # j . Therefore the
equitable chromatic number of total graph of star graph

K5 2 [T(K1,3 )]=4. Therefore P(3)is true .

Let us assume that P(k)is true .i.e., let us assume that
the equitable chromatic number of total graph of star
graph K, ., ¥_[T(K,,)]=k+1— (1) with the colour

classes

Vi={vLV, ={u,v,},V,={u,_,v,,},3<i<k+1.

Clearly V,'s are disjoint and Uf:ll V., = VIM(K,,)]

with "V,| - ‘Vj “ <1 holds for every pair i # j.

To prove P(k+1)is true . i.e., to prove that the equitable

chromatic number of total graph of star graph K,,,;,
X_[T(K,,, )]=k+2.The vertex set is given by
VIT(K,  DI={vvvy v bO{ug gy ,uuy )
={V, V), Vg e Vi Uy Uy Uy J OV, U )

= V[T (K, )] U{ve,,u}

Here u,,, induces a clique with all u,'s and it is also

adjacent with v, hence it requires a colour different from
V.(1<i <k +1) for proper colouring. The vertex v, and

V., has the same colour as u, ., and u, respectively for

equitable colouring. The colour class for T(K,,,,) is
given by
Vi=hLV, ={u,v,,,}.V,={u,,,v,,}.3<i<k+2.

Clearly V.'s are disjoint and UV, = VIT(K,,,,)]

with V[ - |V,|

condition (1).

<1 holds for every pair i # j by using

It requires (k+1)+1=k+2 colours. Therefore the
equitable chromatic number of total graph of star graph

Ko XAT(K)]=k+2 P(k+1) is true
whenever P(k) is true. By the principle of mathematical

induction P(n) is true Vn2>3and ne€ N .Therefore the
equitable chromatic number of total graph of star graph

K, x.[T(K, )]=n+1,Yn 23 and ne N.

Remark: The equitable chromatic number of middle
graph and total graph of star graph is the same.
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